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( 3JIEMEHTAPHBIE ®YHKIUA U YPABHEHUS )

47-49 OTHOHWEHUA U OTOBPAKEHUSA. ®YHKIUA

B Hmkecneytoriei TabmIie mpuBeIeHbI pa3Mephl OTUIATHI TAPKOBKH aBTOMOOKIIS
Ha aBTOCTOsIHKE asponopta ropona Heto-HMopka B 3aBUCUMOCTH OT BpEMEHHU.
Bunno, uto pa3Mmep omjatrkl HEMOCPEACTBEHHO 3aBUCUT OT MPOJOINKU-

TCJIIbHOCTHU BPCMCHHU.

0— 1 gac
1 —24ac
2 —3 gac
3 —6u4ac
6 — 9 gac
9 — 12 yac
12 — 24 gyac

$5,00
$9,00
$11,00
$13,00
$18,00
$22,00
$28,00

W3yuuB 3Ty Tabnuiry, OTBETHUM Ha ClIeNy-
IOLLUM BOIPOC:

CKOJIbKO HYXHO 3aIIaTUTh JICHET 3a
OJIMH YaC CTOSHKHU OJHOW aBTOMAIIMHBI:
5 nonnapos CIHIA, 9 nonnapos CILIA unu
11 nonnapos CIITA?

Jlnss HarassTHOCTH CBEIACHUS,

MpUBEJECHHBIC B TaOnuIle M300pa3uM B rpaduyeckoM BHUJE. 3aMuch BUA
«2-3 gaca» B TaOnHIle MOHUMAETCS KaK «BpeMs Oosee 2 4acoB, HO He Oosee
3 gacoBy, T.e. Kak MpoMexxyTok 2 <t < 3. [Tomyunm cienyroomyr TabIuiy:

INEEEENONNN NGO  /launas TaGuuia CIYKHT TPHMEPOM

0<t<g1wuac
1 <t<g2wuac
2<t<g3uac
3<tg6uyac
6 <t<9uac
9<tg 12uyac
12 <t <24 yac

$5,00
$9,00
$11,00
$13,00
$18,00
$22,00
$28,00

OTHOLIEHHUSI JIBYX TIEPEMEHHBIX (BPEMEHHU
M BEJIMYHUHBI OIJIAYMBAEMBIX JIE€HEKHBIX
CpEICTB).

OTHoOIIIEHHE MOXKET OBITH UCTOJIKOBAHO
KaK MHOXKECTBO YIOPSJIOYCHHBIX Map,
Harpumep,

{(1,5), (2, 3), 4 3), (1, 6)}.

H3menenue pazmepa CyMMBbI OTLJIaThI

Ha aBTOCTOSIHKE B 3aBUCUMOCTH OT BpeMeHU t u3 npomexyTka 0 <t < 24 MOXKHO

M300pa3uTh CIACAYIOMNUM 00pa3oM:



MHO0€eCTBO 3HAYECHUH, TPUHUMAE-

MBIX MEPEMEHHOM, COOTBETCTBYOIICH

wenpumauesr TOPH30HTAJIBHOM OCH, HA3bIBAETCS 00-
npunagiexur  JIACHbIO Onpedesietisi OTHOLICHUS.

B Hamem ciydyae MHOXECTBO

BpeM {t|0<t<24} sBuseTcsa o0IacCThIO

ONpeAeIeHUsI OTHOIIEHUS MEXAY

orara

8pemerHeM N 8eUHUHOU oniauusaemol cymmol. Takxe MHOKECTBO {— 2, 1, 4}

sBIIsIETCsl 007acThiO onpenenenus otHomenus {(1, 5), (— 2, 3), 4, 3), (1, 6)}.
COBOKYITHOCTh 3HaYEHU I, TPUHUMAEMBIX IEPEMEHHOI, COOTBECTBY FOILIEH

BEPTUKAIBHON OCH, HA3BIBACTCSA MHOHMCECMBOM 3HAYEHUL OTHOLICHHUSI.

B namem ciygae mHOKecCTBO {5, 9, 11, 13, 18, 22, 28} sBaseTCs MHO)KECTBOM
3HAYEHUW OTHOILIEHUS MEXIY @pemeHemM N OnAayeHHoUu cymmou. Takxe
muoxkectBo {(1,5), (-2, 3), 4, 3), (1, 6)} ecTh MHOXECTBO 3HAUCHU I OTHOIICHHUSI.

[Ipon3BosIbHOE MHOKECTBO TOYEK, 3aJaHHBIX Ha JlekapToBOI KOOpAMHATHON
MJIOCKOCTH, Ha3bIBaeTCs OTHOmIeHueM. OTHOIIICHHE YacTO 3aJaeTCs B BHJIC
PaBEHCTBA, CBA3BIBAIOIIETO MepPeMeHHbIe X U ).

Hanpumep, kaxoe u3 ypaBHeHUH, Y =X+3, X=Y? 3a/1aeT HEKOTOPOE OTHOIIICHHE.

Ha nexapToBoii KOOPAMHATHOM IJIOCKOCTH Ka)J0€ U3 3THUX YpPaBHECHUU
o0pa3yeT MHOKECTBO TOUEK:

OTMeTHM, 4TO HE BCE OTHOLICHMSI MOXHO 3aIMCaTh C TOMOIIBbIO PAaBEHCTBA,
CBSI3BIBAIOIIETO NIEPEMECHHBIE X H Y.

Hanpumep, MEHOXeCTBO TOUEK (X, V), YAOBICTBOPSIOMIUX YCIAOBHs X>0, y>0
(mepBasi YeTBEPTh KOOPAMHATHOMN TJIOCKOCTH, PHUC. a) UM MHOKECTBO TOYEK,
1300paKEHHBIX Ha PHC. b, HEBO3MOKHO OITHCATH C TIOMOIILI0 YpaBHeHus F(X,y)=0.

a) b Vi
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OTHo1IeHNE Ha3bIBAETCA 0TOOpAaKeHueM Wik (PYHKIHel, €CIU B HEM He
CYILLECTBYIOT JABE Pa3TMUYHbBIE TOUKU C OIMHAKOBBIMU NTEPBHIMU KOOPAMHATAMHU.
CrnenoBatenbHO, (DyHKITUS €CTh CHEIIMATBHBIN (0COOBII) BH OTHOIICHUSI.

[IpuBenem nBa cnoco0a MPOBEpPKH, SBISETCS JIM 3aJJaHHOE OTHOUICHUE
byHKIHEH?

Agaredpanyeckuii cnocod

DTOT crmocod MpUMEHSETCS B COydasx 3aJaHusi OTHOIICHHUS C TIOMOIIBIO
ypaBHeHH . Eciiu moacTaBuTh B 3aJJaHHOE YpaBHEHUE MTPOU3BOJIbHBIEC 3HAUCHU S
X 1Y, ¥ IPH 3TOM JIJIsI Ka)KJI0T0 3HAYEHU S X TIOJyYaeTCsl IMHCTBEHHOE 3HAUYEHUE
Y, TO JaHHOE OTHOILIEHUE €CTh QYHKIIHS.

Hanpumep, ecnu B ypaBHeHue y=3X—2 noACTaBUM IIPOU3BOJIBHOE 3HA-
YEeHHME X, TO MOJTYyYUM €IMHCTBEHHOE 3HaueHue Y. Crie10BaTesIbHO, OTHOLLIEHHUE,
3a/IaHHOE C TIOMOIIBIO ATOTO YPaBHEHU S, ABIACTCS (DYyHKITUCH.

BwmecTe ¢ Tem, oTHomIeHUE, 3aJlaHHOE YpaBHECHUEM X=Y? HE sB-
asiercs pyHKIUEH, T.K. IPHU MOJCTAHOBKE 3HAUCHHUS X=4, MOIYUHUTCS
J1Ba 3HAUEHUs: Y=%2.

I'padmueckuii crocod

[IycTh OTHOIIEHUE 3aaHO B BUJIE MHOXKECTBA B JlekapToBOil cucteMe Koop-
nuHaT. Eciu mpu mpoBeAeHUH BCEX BO3MOKHBIX BEPTHKAIBHBIX MPSIMBIX YHCIIO
TOUEK [EPECEUEHU S IPOU3BOJIBHON U3 ATUX MPSIMBIX C 33JaHHBIM OTHOLLIEHUEM HE
OoJIbIIIe OTHOTO, TO JAHHOE OTHOIIEHUE eCTh (pyHKIHs. 1 Ha000pOT, eciu 9uciio
TOUEK [EPECEUEHU I HEKOTOPOU BEPTUKAJILHOM MPSIMOM € 3aJAHHBIM OTHOILLIEHUEM
OO0JIBIIIE OTHOTO, TO OTHOIICHUE HE SIBISCTCA (DyHKIIHEH.

YcaoBHO IMPUMEM CIICAYIONINUC COTTalICHU A

m Eciau Ha nuHuM 0003HAYEeH Majblii Kpy»X)ok Oeinoro mseta, T.e. (—O—), TO
COOTBETCTBYIOII[ad TOYKA HC MPUHAAJICIKUT JIMHUU.

m Eciu Ha muHMN 0603HaYeH KPYKOK YEPHOTO 1IBETA, T.¢. (—@—), TO COOTBETCTBYFOIIAsI
TOYKa NPUHAIJICIKUT JIMHUU.

m Crpenka —> 03HAYACT, YTO TAKYIO JUHHUIO MOXKHO MPOIOJDKUTE OCCKOHEYHO B
YKa3aHHOM HaIllpaBJICHUH.

Ilpumep 1. IIpoBepuM, KaKue U3 OTHOIIEHUHN SABIISIIOTCSA (DYyHKIUEH:

a) b) c) y



HpOBCI[CM BCPTHUKAJIBHBIC IIPAMBIC U CACIIACM CJIICAYIOIIHNC BEIBOJBI:

a) y b) y c) y

X

Kaxxnoe u3 oTHomeHuii a) u b) sBisieTcs GyHKIUEH, TaK KaK IPOU3BOJIbHAS
BEpTHUKaJbHAS TIpsMasi MEepeceKaeTcss ¢ Hel He Oojee, YeM B OJIHOM TOYKE;
OTHOLIEHUE C) He sBIseTcd (QyHKUUEH, TaK KaK CYIIECTBYET BEpTHKAJIbHAs
npsiMasi, epeceKaromnasl OTHOMICHHE B JIBYX TOUKaX. M

PaccMoTpuM rumnoTeTuuecKoe BEIYUCIUTEIBLHOE YCTPOUCTBO, paboTatroiee
IO CJIEAYIOLIEMY aJITOPUTMY:

Illaz 1. BBOOUTCS HEKOTOPOE YUCIIO.

Illaz 2. BBeIlgHHOE YUCIIO YMHOXAETCs Ha 2.

Ilaz 3. K pe3ynbrary npubaBisieTcst 4ucio 3.

Hanpumep, eciiv B ycTpoOCTBO BBOAUTCS YKCIIO 4, TO B pE3yJIBTaTe MOIYUYNUTCS
yucio 4-2+3=11.

B o6mem cnydae, eciu B yCTPOWCTBO BBOJUTCS YHUCIO X, TO B
pe3ylibTaTe MOJYUYUTCS €JUHCTBEHHOE YHCIO0 2X+3.

D710 oTHOMIEHNE — (PYHKIMSA, ¥ MBI MOJKEM €€ 3aIKCaTh TAKHUM 00pa3oM:

fix-2x43, f(X)=2X+3 unn y=2Xx+3

Ecnu f(X)=2x+3, To 3HaYeHUE, COOTBETCTRYIOIICE
gucny — 4, Oyzaet HaiaeHo tak: f(—4)=2(—4)+3=-5.

B ob6mem cnyvae, f(X) — Ha3bpiBaeT-
Csl 3HAYeHuem (GyuKyuu TPU 3aJaHHOM X

U JJaHHOE OTHOIICHHE 3amuchiBaeTcs Tak: y=f(X).

Ilpumep 2. Hatigurte 3nadenus a) 1(5); b) f(—4), ecnmu f:x— 2x2—3X.
[MoncraBuB B ortHomieHue f(X)=2X>—3X uucina X=5 u X=—4 Hax0oqUM
COOTBETCTBYIOIIKE UM 3HadeHus: a) f(5)=2-52-3-5=2-25—-15=35;
b) f(—4)=2-(—4)>-3-(—4) =2-16+12=44. A
Ipumep 3. Jlano: f(X)=5—x—x2. Haiigute 3Hauenus: a) f(—x); b) f(Xx+2) u
YIPOCTHUTE PE3yJIbTATHL
a) f(—x)=5—(—x)—(—x)*=5+x—x2;

b) f(x+2)=5—(X+2)—(X+2)*=5—x—2—(X>+4x+4)=3—~x—x>—4x—4 =X>-5x—1. A\

@
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Bomnpocs! u 3aganus
. 1. TlpuBenute mpuMepbl OTHOLIEHHUIA.
(7] 2. JlaiiTe ompeneneHue 0TOOpaKeHUS WU QYHKITHH.
3. TlosicHuTe NOHSTHE 00JIACTU OMpeeNieHUs (PyHKITUU.
4. TlosicHuTe MOHATHE 00JIACTH 3HAYCHHUH (PYyHKIIHH.
YupaxkHeHus

73.

74.

75.

76.
77.

78.

79.

Kaxwne u3 ciaemyronmx OTHOMEHUH SBISIIOTCS (OyHKITHEH:
a) {(1,3),(2,3),3,5), 4 6)} d) {(7, 6), 5, 6), (3, 6), (-4, 6)};
b) {(1,3), (3, 2), (1, 7), -1, D} ¢) {(0, 0), (1, 0), (3, 0), (5, 0)};
0 12,1, (2,0),(2,3), 2, 1)} £) {(0, 0), (0, =2), (0, 2), (0, 4)}?
Kaxkwue u3 ciaemyronux OTHOIEHUH SBIISIIOTCS (DY HKITUCH:

SABnsercs mu GyHKIMEH TI00as (MPOU3BOIBHAS) TIpsiMast Ha JICKaPTOBOM
KOOpAMHATHOM 10cKOCTH? OOOCHYHTE CBOM OTBET.
SIBnsiercst mu pyHKIIMEH OTHOIICHUE, 3aJaHHOE YpaBHEHHEM X +Yy2=9?

Haiinure cnenyrmomue 3HadeHu s, ecan f:Xx—3x+2:
NTO; B Ofcl: DS B f(gj
Haiigure cneayromue 3HaueHust, eciau f:x-3x—x*+2:

pio:  Bfer  ofsr D B[]

. 4
Haiinurte cinemytronue 3HadeHus, eciu g @ X X—; :

Mo B Ogls Dgcd: B o).

(7]



80.

81.

82.

83.

84.

8s.

86.

87.
88.

89.

Hano: f(X)=7—-3x. Haiinure cneayrmuiue 3HAYCHUS U YIIPOCTHUTE
pe3yJibTaThl:
) f(@); |bf(-a); [of@+3); |d)f(b-1); |o)f(x+2); |) f(x+h).
Ecou F(X)=2x*+3Xx—1, To HalauTe cleAyIOIIHUe 3HAUCHUS U
YIPOCTUTE PE3yabTaTHI.
a) F(x+4);|b) F(2-%); | ¢) F(=x);|d) F();|e) FOe=1); [ ) F(x+h).
2x+3

Jana pyskuus: G(X) =

X —
a) Haiiqure: 1 G(2), 11 G(0), I G (—3) ;
b) [Tpu kakux X He cymectByer G(X)?
¢) Haitnure G(X+2)u ynpocTure ero;
d) Haitnure Bce 3HaueHus X, mpu KOTopbix G (X)=—3.
[TycTts GyHkus ob6o3HaueHa OykBoit f . Kakoe pasinuue cymecTByeT
MEKTy cMbIciamMu o0o3Hauenuii f u f (X) ?
[lena KomupOBaIBHOTO YCTPOMCTBA B pe3yibTaTe n3Hoca 3a t et yobiBaeT
o 3axkony V(1)=9650—860t.
a) Haiigute V(4) 1 00BSACHUTE €ro CMBICT;
b) Haitnure t mpu V(t)=5780. O0bscHUTE CUTYAIIHIO;
¢) [To xako#i 1ieHe MPHOOPETEHO YCTPOMCTBO?
Ha onHO¥ KOOpAMHATHON MJIOCKOCTH HAYEPTUTE rpaduKu TPEX pa3HbIX
byskui, s koropeix f(2)=1, f(5)=3.
Haiinure iunetnyro pyuxuuro f(X)=ax+b, nns xoropoii f(2)=1u f(-3)=11.

b
Haiinure a, b, eciu f(X)=aX+;, f(1)=1, f(2)=5.

Haiinute keaopamuyio pyuxuuio T(X)=ax>+bx+c, ecmu T(0)=—4,
T(H)=-2, T(2)=6.
[Mycts f(X)=2* Hoxaxure paBercra f(a)f(b) = f(a+b).

MHNOHATHUA MOHOTOHHOCTH, HAUMEHBIIET'O
N HAUBOJIBIIEI'O 3HAYEHHUU 3JIEMEHTAPHBIX

50-51 oyHKNMI

MoOHOTOHHOCTH QyHKIIMH

Ecnu st Beex X, X,€ |, yI0BICTBOPSIONINX HEPABEHCTBY X, <X,, CIIPABEIIMBO
HepaBeHcTBO f(X,)<f(X,), To pyukuus y=f(X) HazwiBaeTCs 6o3pacmaioweui
(byHKIMEH Ha TPOMEKyTKe 1.

Ecnu st Beex X, X,El, yOBIETBOPSIONIMX HEPABEHCTBY X,<X,, CIIPABEIIIBO
HepaBeHCTBO f(X,)<f(X,), To hyHkmst y=F(X) Ha3piBacTCS yobI6@IOWCL HA TIPOMEKY TKE /.
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Ecnu ¢ynkuus Bo3pactaromasi, To Npu «IBUXKEHUU» MO rpaduky B
HalpaBJICHUM CJIEBa HAMPABO OPJAWHATHI YBEIMYUBAIOTCS, €CIU (PYyHKIIUS
yObIBaIOILasl, TO OPJAUHATHl YMEHBIIAIOTCS.

YMCEHBIIACTCA
YBCINYUBACTCA

YBEINYNBACTCA YBEINYUBACTCA

Ipumep 1. Haiinute npoMeXyTKH BO3pacTaHUs U yObIBaHUS QYHKIUU:

Ecam ¢ynkmus Bo3pacTatomas, TO Mpu JBMKEHUHW HAMHU B HAIPAaBICHUHU
CJIeBa HaIlpaBO OPJIMHATHI BO3PACTAIOT (B T'pauKe BbIJEJIEHBI KPACHBIM LIBETOM).
CrnenoBatenbHO, B MpoMeXyTKax X<—1 u X>2 ¢dynkus Bo3pactaet. OTBET
MO’KHO HaIMCcaTh Takxke B BUe (—o,—1]U[2,+x).

Touno Tak xe, ecau QyHKIUs yOBIBAIOIasi, TO MPH ABMKCHUU HAMU B
HaIpaBJICHUH CJIEBA HAIIPABO OPJMHATHI YObIBAIOT (B Ipa(UKe BbIIEICHBI CHHUM
usetoMm). CnenoBarenbHo, PyHKIUS B IPOMEXYTKe —1<X<2 yObIBaeT. A

Ilpumep 2. Ha xakux nmpomexxyTkax (QyHKIUs, 3a7aHHAs Ha TPOMEXKYTKE
[-9; 9] Bo3pacTaet? (cM. puc.)

[Ipu ABMXKEHUM HAMU B HANpPaBJICHUU
ClieBa HANpaBO OPJAMHATHl YBEJIMYUBAIOTCS.

CnenoBaTenbHO, QYHKIIHS BO3pacTaeT Ha
npomexyTtkax [—6;0] u[6;9]. OTBEeT MOXHO
HalucaTh Takxe B Buge [—6;0]U[6;9] . A

(9]



Ipumep 3. Ha xakux npoMexxyTkax QyHKIHS
yObIBae1? (CcM. puc.)
[Ipu nBUXXEHWU HAMHU B HANpaBJICHUHU
CJeBa HAaIlpaBO OPAMHATHl YMEHbIIAIOTCS.
CnenoBatenbHO, GYHKUHUS yObIBaeT B
npomexyTtke [—1; 2]. A
Tenepb 03HAKOMUMCS C TOHATUSMHU HAaHOOJIBIIEr0 ¥ HAUMEHBILIET0 3HAYCHU I
¢yukuuu. PaccmoTpuMm rpaduk QyHKIMH, OMpPENEIEHHOW Ha MPOMEXKYTKE
—5<xK6.

BBuny Toro, 4to opauHaTa TOYKM A MEHbLIE OpAMHAT APYTUX TOYEK, 3Ta
TOYKA HA3BIBAETCSA TOYKOM I100a1bHOr0 MUHMMYMa. COOTBETCTBYIOLIEE €M
3HavyeHue QYHKIMY HA3bIBACTCS HAUMEHbIINM 3HaYeHneM GpyHkuuu. B Hamem

MpUMepe HauMEHbIIIee 3HaUeHUEe PYHKIIMK paBHO — 16,5.

TouHO Tak ke, BBUAY TOT0, 4TO OpJAWHATa TOYKW D Ooibiie opauHat
OCTaJIbHBIX TOUYCK, TAHHASI TOYKA HA3bIBACTCS TOYKOM IJ1002JIbHOT0 MAKCHMYMA.
CooTBeTCTBYIOIIIEE ATOM TOUKE 3HAUEHNE (DYHKITUH Ha3bIBACTCS HAUDOAbIIMM
3HaueHueM (pyHKIMHU. B HameMm npuMepe HauOouiblliee 3HaUeHUE (PYHKIIHH
paBHoO 18.

Teneps 06paTiM BHUMaHUE Ha TOUKY B. MHOXKeCTBO To4eK rpadHka, OIU3KUX

K 5TOil Touke, UMeIOT popmy ¥ % Touka, oOIajaromas TaKUM CBOHCTBOM,
HA3bIBACTCS TOUKOI JIOKAJIbHOI0 MAKCUMYMa.

TouHO TaK >ke, MHOKeCTBO ToueK rpaduka, omm3kux K Touke C, mmeet Gopmy:
Touka oOnagawmias TakKuM
CBOMCTBOM, Ha3bIBAECTCS TOYKOM | jokambHbIi MAKCHMYM
JIOKAJIbHOT0 MUHUMYMA.

[TpuBeném npumep pyHKIMH,
obnanaroiei TOJIbKO JIOKAJIbHBIM
MaKCUMYMOM W JIOKAJIbHBIM JIOKaJIbHBIA MUHUMYM
MHHUMYMOM:




Bomnpocs! 1 3aganus
/) 1. JlatiTe onpernenenve hyHKIMH, BO3PACTAIOMICH HA 33 JAHHOM IIPOMEKY TKE.
' 2. aiite onpenenenue pyHKIUH, yObIBAIOIIEH Ha 3aTAHHOM IIPOMEXKY TKE.
3. Kak onpenensieTcst Bo3pacTanue GyHKIHUU MO YEPTEKY?
4. Kak onpeznensercs yobiBaHue (PyHKIIUU TIO YEPTEKY?
YupaxxHeHnust
90. Ompenenure creAyrOMINE MPOMEXYTKHU I GyHKUIMH: 1) BO3pacTaHus;
IT) yosiBanus. Ecnu BO3MOXKHO, TO HAUJUTE JIOKAJIBHBIM MaKCUMyM U
JIOKQJTbHBI MUHUMYM, HAaHOOJIbIIIEE M HANMEHbIIICE 3HAYCHUS.

91. Ilycts pyHkuum 3amanbl Ha npomMexyTke [—9; 9]. (cm. puc.) B xakux
MPOMEXYTKaX OHa BO3pacTaeT? B Kakux MpoMexyTKax oHa yObIBaeT?
Hatinure € nokanbHbIN MAaKCUMYM 1 JIOKQJIbHBI MUHUMYM, HAauOOJIbIIIee
M HaMCHBIIIECEC 3HAUYCHU !

F 3 y B ‘\y
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Hh2-54 JUHEWHBIE U KBAJIPATUYHBIE ®YHKIIUA

JIuneiiHas pyHKIUA

Oyukiusa Buaa f(X)=ax+b HaseiBaeTcs aunetnon gyukyueu, tae X, y —
HIepeMeHHbIe, &, b — 3agannble yncna, a#0.

I'paduk nuneliHoON QYHKIIMN HA KOOPAMHATHOMN IJIOCKOCTHU MPEACTABIISIET
c0o00I1 MPSIMYO JINHUIO, @ YUCIIO 8 HAa3bIBACTCS €€ V2l08bIM KOIDpuyuenmom.

Huxe npuBeneHbl HEKOTOPBIE MPUIIOKEHUS $Y
TUHEHHON QyHKITUH.

ITpumep 1. CTOUMOCTb apeH]Ibl TEHHUCHOTO
KopTa yctaHoBiiena no ¢opmyine C(h)=5h+8
(mostmapos CIIIA), riae h — BpeMmst apeH ibI (B uacax).
Kakwue cpenctBa pacxonyroTcs Ha apeHy 3a 4 yaca,
3a 10 gacos?

Bocmnosnb3oasiucs opmysioit C(h)=5h+8, Haxonum C(4)=5-4+8=20+8=28
u C(10)=5-10+8=50+8=58. CnenoBarenbHo, 3a 4 4yaca apeHAbl HYXXHO
BeITIATUTH 28 nomtapos CIIIA, a 3a 10 yacos apenas! — 58 nonnapos CIIA. A

Ipumep 2. B ropone Horo-Hopke TakcrcT 3a ocaIky maccaxmpa 6epér 3 orapa
30 uentoB CIIA, a 3a kaxx b1 KuomeTp npoesna 1 gomnap 75 uenros CILIA.

a) Ilepenumure Tabauily B CBOIO TETPAJb U 3aMOJIHUTE €€:

d — paccrosHme (KM) 0 2 4 6 8 10
C — cpencta (§)

b) U300pa3ute B rpaduueckom Buje 3aBucuMocth Mexay C u d;
¢) Hanmmure anredbpanyeckoe Boipaxenue — popmysty st ¢yukuuu C (d);
d) Ckombko JeHer Hy>KHO 3aIIaTUTh 3a rnpoe3n 9,4 km?

a) 3arOTHUM KJICTKH TaOJHIIBI, IIOCIIEIOBATEIHHO MPUOABIISs K 3,3 A0JIIapOB
CIIA 2-1,75=3,5 nonnapos CIIIA:

d — paccrosaue (kM) 0 2 4 6 8 10
C — cpenctsa (§) 3,30 | 6,80 | 10,30 | 13,80 | 17,30 | 20,80
C($) ) Haxomum yToBoii koahhuiineHT:
20,80-17,30
a=———=175.
b) 10-8

CnenoBatenbHo, C(d)=1,75d+3,3.

d) C(9,4)=1,75-9,4+3,3=19,75.

Uraxk, 3a nmpoes3n 9,4 KM HYXKHO
samtaTuTh 19,75 nonnapos CIIA. A

d (xm)

OT1o0 nuHeiHas QyHKIHS.



KBagpaTnunas pynkuus

Oyuknus Buaa y=ax>+bx+c HazwiBaercs keadpamuunou ghynkyuetl, e
X, Y — mepeMeHHble, a, b, C — 3aaanHbIe yKcaa , aZ0.

Hailigem 3HaueHus KBaaApaTUudHON GyHKIumM y=2X>+4x—5 B TOUKax:
a) x=0; b) x=3.

a) [Tycts X=0. Torma y=2-02+4-0—5=0+0—-5=-5.

b) [Tycte X=3. Torga y=2-32+4-3—-5=18+12-5=25.

Ilpumep 3. Ilyctb npu OpocaHrM KaMHsI BBICOTA €T0 MOJIETA 10 OTHOIIEHUIO
K 3emiie Ha t cexynne onpenensercs Gpynkmueit h(t)=—5t>+30t+2.

a) Ha xakoif BeIicOTE OT 3€MJIM HAXOAUTCS KaMeHb nipu t = 3?

b) C xakoii BBICOTBI OpOCHIIN KaMEHb?

¢) B kakoe Bpemsi KaMeHb HaXOJIUTCA HA BbICOTE 27 METPOB?

a) h(3)=—5-32+30-3+2=-45+90+2=47. CrenoBaTeibHO, OpPOIICHHBIN
KaMeHb uepe3 3 CeKyH bl Oy/IeT HaXOAUThCS Ha BHICOTE 47 METPOB.

b) Tak kak kamMeHb OporiieH B MoMeHT Bpemern =0, o h(0)=—5-0>+30-0+2=2.
CrnenoBarenbHO, KAMEHB OpOIIIEH C BBICOTHI B 2 METpa.

c¢) Eciiu kameHp HaxouTCst Ha BIcOTe 27 MeTpoB OT 3eMitd, To h(t)=27 T.e.
—5t>+30t+2=27. Pemum nanHoe ypaBHenue: —5t?+30t—25=0, t>—6t+5=0,
t,=1, t,=5. Urak, kameHb HaXOJUTCs Ha BbICOTE 27 METPOB yepe3 | cekyHay
(mpu noabEMeE Ha BBICOTY) U Yepe3 5 ceKyH. (IpHu MaJeHun). A

I'padpuk kBagpaTH4YHON QyHKIMH.

Paccmorpum ¢pynknuwo f(X)=x?. CocraBum Tabnuily e€ 3HaYCHHI B
HEKOTOPBIX TOUKAX:

X -3 -2 -1 0 1 2 3

f(x) 9 4 1 0 1 4 9

[TocTponB B KOOPIWHATHOM TUIOCKOCTH TOYKH (X, Y) M3 ATOH TaOIUIBI H
COEIMHUB UX IJIABHOW JUHUEH, MOIYUUM CIEYIOLIYI0 KPUBYIO:

IlonyueHHast KpuBas Ha3bpIBaeTCs MapadoJIoi.
Kak BuaHO u3 pucyHka, napaboiyia ecTb KpuBasdl,
BETBH KOTOPOI HAINpaBJIEHBI BBEPX U CUMMETPUYHBI
OTHOCHUTEJIBHO OCU OpAUHAT.

Touxka (0; 0) Ha3bIBAETCSI BEPITUHOMN MTapaboIbI y=X>.

Ipumep 4. TlocTpoiiTe TpaduK KBaIPaTHIHOM
byukuu y=x>—2X-5.

HaxonuM 3Hauenus GpyHKIMHA B HEKOTOPOH TOUKE,

HaIrpuMmep, B TOUKe X=-3 :
f(=3)=(-3)*-2(-3)-5=9+6-5=10.

(13)



BbluncnuB B HECKOJIBKMX TOYKaX 3Ha4e€HUs (PyHKLUH, COCTAaBUM TaOIHILY:
X —3 —2 -1 0 1 2 3
y 10 3 —2 -5 —6 -5 —2

ITocTpouB B KOOpPAMHATHOMN MJIOCKOCTHU TOYEK (X, Y) U COEAMHUB UX
MIJIABHOM JTMHUEH, TOTy4nuM IpaduK KBAaApaTUIHON QYyHKIUH.

[TocTpoenHsIii rpaduk TakKe IMEeT B apaldosibl,
a ero BETBH HAITPaBIEHEI BBEPX. M

Haiiném Ttouky mepecedyeHuss MPOU3BOJIBHOMN
napabossl y=ax>+bx+c ¢ oceto opaunar OY:

x=0, y=a-02+b-0+c=0+0+c=c.

CrnenoBatenbHO, Mapadoiia MepecekaeTcs ¢ OChIo
opaunat B Touke (0, C). [lng HaXxoXJIeHHS TOUEK
nepecedenus mapabonbl y=ax>+bx+c ¢ ockro
abcuucce JOCTaTOYHO HAWTH PEUICHHs KBaIpaTHOTO
ypaBHeHus ax>+bx+c=0.

Hanpumep, Haiiem Touku nepeceueHus mapadboiibl Y =X>—2X—15 ¢ ochio
aocuucc. IIpenamnonoxus, uto X*—2X—15=0, pemnM TaHHOE KBaJpaTHOE
ypaBuenue. Ero pemennsi: X=—3 u x=5. CieioBarenpHo, napadona y=x>-2x—15
nepecekaeTcs ¢ ochio abcmmcce B Toukax (—3, 0), (5, 0).

Jnst mapabonbl y=ax*+hx+C BeprukanbHas npsiMasi Buna X=h sipsiercst e€ ocwvio
cummempuu. Ecin mapaborna nepecekaeTcsi ¢ 0cblo adcuuce, To 4yucio h paBHO
cpenHeMy apupMeTHIECKOMY a0CIIICC TOUeK MepecedeHust mapadossl ¢ ocbio OX.

Ilpumep 5. Haiinure ocb cCMMMETpUU apaldoJIbl, y
M300paKEHHOW Ha PUCYHKE.
Ecnu nmapaGona nepecekaercst ¢ ocbio abcuce

5+1
B Toukax (1, 0) u (5, 0) To, X:T:3—00b 1 5 X
cummempuu . M
Ecnu mapaGona y=ax*+bx+C He mepecekaeTcs y y=ax*+bx+c
¢ OCBIO a0cLMCC, TO YHCI0 h MOXKHO HAWTH U 110
JIpyromy crocoQy. d d

Kak BugHo, Touku A u B ¢ abcuuccamu h—d
u h+d umeroT oMHAKOBBIE OPAMHATHI, T.C.
f(h—d)=f(h+d). CnenoBarensno, Touku A u B
CUMMETPHYHBI OTHOCHTEIBHO OCH X=N.

h-d h h d x
x=h



HOJ'IB3y5ICB 9THUM YCJIOBHUECM, U3 HUIKCCIICAYIOMICTO paBCHCTBA HAXOAUM h:
a(h—d)>+b(h—d)+c=a(h+d)>+b(h-+d)+c, mmm
a(h?—2hd-+d?)+bh—bd=a(h?~2hd+d?)+bh-+bd, wm — 4ahd=2bd, orciona

b
hZE. CrnenoBartenbHO, X=_ €CTh 0Ch CHMMETPHH.

Bbi60o. YpaBHeHHE OcHM cHMMETpHUH Tapaboibl Y=ax’*+bx+c umeer Bua

b . o

X=o_ Touka nmapa®oibl, CHMMETpUYHASI CaMOii ce0e, Ha3bIBACTCS BEPIIMHON
—b

napabosl. KoopanHaTel BepIinHbI mapabobl: X= 23 y=0. Ocpb mapaboss

b
MIPOXOUT YEPE3 TOUKY (—2—, 0) mapannensHo ocu Oy. ITockoneky BepinHa
a

. - b
napabosIbl IPUHAJJIEKUT OCH CHMMETPHH, €€ adcIucca paBHa o
—_ . a
OueBuiHO, uTO pu A< (opma napaboibl UMEET BUI /  \, U €& BEpIIMHA

SIBIISIETCS TOYKOM MaKCUMyMa KBaJpaTHOH pyHkuu y=ax>*+bx+c, anpu a>0

¢dopma mapabosl UMEeT BUT ¥ e€ BepIINHA SBIISIETCS TOYKOH MUHUMYyMa
KBaJpaTHON (PyHKIINH.

Ipumep 6. Haligute 0Ch CHMMETPHH NAapa0osIbl Y =3X>+4X—5.
y=3x2+4x—-5 a=3, b=4.

CrnenoBarensHo X—_—b—_—4——E T.C X——E — OCb CHMMETPHH. M
'"T2a 23 3 3 pHit
Ipumep 7. Haiigute Bepiuny mapabossl f(X)=Xx>+6x+4.
b -6
a=1, b=6. x=—=—=-3
2a 2-1

CnenoBatenbHO, abciucca BepUIUHBI mapaboabl X=—3,
a eé opmuuara: Y=f(—3)=(-3)2+6(-3)+4=9-18+4=-5.
IToaToMy BepmuHa napa®onasl uMeeT KoopauHatsl (—3,-5). A

Ipumep 8. CiopTcMeH OpOCHI Msid BBEPX, IIPU 3TOM BBICOTA Msua 4yepe3
t cexkyna pasaa H(t)=30t—5t* metpos, t>0.
a) Uepes CKOJIBKO CEKYH/] MsI4 JIOCTUTHET HAMBBICIICH TOUKH?
b) Ha kaKkoii BbICOTE OT 3eMJIM HAXOAUTCS HAWBBICIIAS TOYKA?
¢) Uepe3 CKOJIBKO CEKYH MSIU YIAICT Ha 3EMITI0?

(15)



a) st H(t)=30t—5t*> umeem: a<0, a=—5. [TosToMy 3Ta napabosa uMeeT
bopmy: ,f Yepes t= b = =30 =3 CeKyH/[ JOCTUTAETCS MAKCUMYM
I 2a  2-(-5) ’
T. e. uepe3 3 cekyHAbl MY MOJHUMETCSI HA HAMOOJBIIYIO BBICOTY.
b) Haiinem HanGoOIbIITy 10 BBICOTY:
H(3)=30-3-5-32=90—45=45, T.e. HauBbICIIIasi TOYKA HAXOIUTCS Ha BBICOTE
45 MeTpoB OT MOBEPXHOCTH 3E€MJIH.
¢) [Tpu H(t)=0 msu ynanet Ha 3emitro. Pemmum 310 ypaBHEHHE:
30t—5t>=0, 5t*>-30t=0, 5t(¢t—6)=0. Orcrona t,=0 wiu t,=6.
Urak, yepe3 6 cekyH MY yHaJeT Ha 3eMITIO.
Huxe MbI mpuBeaeM npuMepsl Ha HAX0XKACHUE KBAAPAaTUIHON (PyHKIIMH MO
BUJly TapadoJIbL.
Ipumep 9. Hanumute SIBHBINA BUT KBAIPaTUIHON (PyHKIINH, 33 JaHHON TpadIEeCKu:

a) y b) y

3 8
-1 3 X y
2

a) BeTBu mapabobl HapaBIeHB BHU3, OHA TIEPECEKAETCS C OCBhIO a0CIINCC
B Toukax —1 u 3. Ilosromy y=a(x+1)(x—3), a<0. U3 ycnoBus y=3 npu
x=0 naxogum a=—1. CrnenoBareybHO, KBaJpaTUuHasi (DYHKIIHS BBIpAXKACTCS
bopmymoit y=—(X+1)(X—3)=—x>+2x+3.

b) BeTBu mapabosisl HampaBieHbI BBEPX, OHA KaCAETCs OCH a0CIHCC B TOUKE
x=2. [Toatomy y=a(x—2)%, a>0. U3 ycnosus, y=8 npu X=0 Haxonum a=2.
CrenoBatenbHO, KBaipaTHast pyHKIUS BeIpaxaeTcs popmymnoit y=2(X—2)* . A

Ilpumep 10. 1o 3ananHoil napabose HalAUTE SIBHBII
BU/JI KBaJPATHON (PYHKIIUH.

Tak kak X=1 — ecTb OCb CUMMETpPHH, TO €€ BTOpas
TOYKa MEepeceyeHuss ¢ ochlo abcuucc paBHa X=4.
CnenoBarensho, y=a(X+2)(x—4). ITostomy Xx=0, y=16.
Orcrona 16=a(0+2)(0—4). 3nauyut, a=—2, TO €CTh
y=—2(X+2)-(Xx—4)=—2x>+4x+16. A

Bomnpocs! u 3aganus
1. JlaifTe onpenenenne TMHEHHON QyHKIIHHN?
2. JlaWiTe ompeneneHne yriaoBOro Kod(phuimeHTa JHHEHHON
byHkunn?
3. Jlaiite onpeneneHre KBaApaTUuyHON PyHKIUN?

-




4. Kak HaxomuTcs BepIIuHA KBaApaTUIHOW PyHKIIUN?
5. Korga kBanpatuyHast GyHKIIHS UMEET MAaKCUMyM?
6. Korna kBagparuunas GyHKIUS UMEET MUHUMYM?

YupaxkHeHus

92.

93.

94.

9s.

96.

N3-3a u3HOCAa CTOMMOCTHh aBTOMANIMHBI U3MEHSETCS MO 3aKOHY
V(t)=25000-3000t eBpo, 31eCh t (JIeT) — BpeMs IKILTyaTaI[|H.

a) Haiinure 3naueHue V(0). OOBSACHUTE CMBICI ATOTO 3HAYCHUS,

b) Haiinure 3nagenue V(3). OOBSCHUTE CMBIC 3TOTO 3HAYCHMU S,

c¢) Uepes ckonbKo neT aBToMainHa oyaet crouts 10000 eBpo?
B CIIA »51eKTpOMOHTaKHHK 32 BBI30B ToIy4aeT $60, a 3a Kaxkablid 9ac
paboThI oyyaeT $45.

a) CocTtaBbTe COOTBETCTBYIOIIYIO Tabnuiy nipu t=0, 1, 2, 3, 4, 5.

b) N3006pasute rpaduuecku 3aBUCUMOCTH OruIaThl yeiyr C oT BpemeHu L.

¢) Harumure siBabiid Bug Gyakmun C(t).

d) CKOJIBKO CPEJICTB HY>KHO BBITLIATUTD 32 65 gacoB paboThI?

[uctepna oobemoMm 265 11 3amonHeHa BoAo#. B pe3ynbsrare noBpexaeHus
KaKIYI0 MUHYTY U3 He€ BbITeKaeT 11 TUTpoB BOABIL.
a) CocTaBpTe TabnuIly, BRIpaXarwMyK 3aBUCHMOCTh 00beMa
BbITEKarouei Boabl V 11 0T Bpemenu t (munyT) npu t=0, 1, 2, 3, 4, 5.
b) 3aBucumocts V() n3o0pasurte B Buje rpaduka;
€) Hanumure siBHbIid Bug Gyukiuu V(t);
d) CkoJIbKO JTUTPOB BOJIbI OCTAHETCS B IIUCTEPHE Yepe3 15 MunyT?
€) 3a Kakoe BpeMsl IIUCTEepHA OMyCTeeT?
Kakwue 13 cnenyromux BelpaskeHUH sIBISIOTCS KBaApaTUIHON (yHKIIHEH:
a) y=2x>—4x+10; C) y=—2X%; e) 3y+2x>—7=0;
b) y=15x—8: d)y=7 X+6; £)y=15x+2x—16?

Cocrout i1 rapa (X, Y) B OTHOIICHHH, BBIPAKCHHOM Yepe3 KBaJPaTHUHY O
byukmo y=ax*+bx+c?

a) f(x)=6x2-10, (0, 4); d) y==—7x>+9x+11, (-1, —6);
b)y=2x’-5x-3, (4,9); &) fF(x)=3x2-11x+20, (2, ~10)
0) y=—4x2+6x, (—%,—4); £) f(X)=—3x2+x+6, (%,4)?

(17)



97.

98.

99.

100.

101.

102.

103.

104.

Jns kBagpatudHod GyHKuH y=ax>+bx+cC Haiinure 3HaucHHE X,
COOTBETCTBYIOIIEE 3aJAHHOMY 3HAUYEHUIO Y:

a) y=x2+6x+10, y=1; C) y=X>-5x+1, y=-3;
b) y=x>+5x+8, y=2; d) y=3x2, y=-3.
MarepuanbHoe Teno OporieHo BBepx co ckopocThio 80 m/cek. Ero BeicoTa
[0 OTHOLLEHHIO K 3eMJie uepe3 t CeKyH[ OonpenesieTcss ¢ NOMOIIbIO

byukuu h(t)=807—5t2.
a) HaiiouTe BricOTy Tena uepe3 1 cekyHAy; 3 CeKyH/bI; 4 CEKyH/IbI;
b) Uepes kakoe Bpems Teno Oyaet Ha Beicote 140 meTpoB? 0 meTpoB?
OOBbsicHUTE CUTYallUH, COOTBETCTBYIOIINE OTBETAM.
Jloxom mpon3BOANTES TPOMYKIIMY BEIYUCIISIETCS TI0 CIECAYIOIIEH hopmyte:

P(X)=—% X*+36X—40 (ThICSY CyMOB), TIe X — KOJTHYECTBO MPOAYKITHH.

a) Kakoit moxom uMeeT mporu3BOAUTENb TIPH MPOU3BOACTBE 0 eNMHMI]
nponaykmuu, 20 exuHUI NpoayKIuu? b) CKOIBKO MPOMYKIIUN TOJKHO
OBITh TPOU3BENIEHO, YTOOBI TOTYUYUTH 270 THICAY CyMOB A0Xx01a?
Haligute 3nHaueHuss GQyHKIMUHU, COOTBETCTBYIOIIUE 3HAUYCHUSAM
x=-3,-2,-1,0,1, 2, 3.

a) y=x*+2x-2; d) f(x)=—x2+x+2; 2) y=X>-5x+6;
b) y=x>-3; e) y=x*—4x+4; h) y=x2+x+1;
C) y=X>—2X; ) f(X)=—2x>+3x+10; 1) y=—x>+x-1.

Pesynbrate! gaiite B TabnuuHOM opme u moctpoiite rpadukn. Kakyro
BUJ UMEIOT JaHHbIE TpapuKu?
Haiinute Touky nepeceueHus napadbosl ¢ OCbl0 OpIAUHAT:

a) y=x>+2x+3; d) f(X)=3x2-10x+1; g)y=8—x—2x*
b) y=2x2+5x—1; e) y=3Xx>+5; h) f(x)=2x>-x2-5;
c)y=-x2—3x—4; f) y:4x2—x; 1) y:6X2+2—5x.

B Kakux TOYKax IepecekarTcs rpaGuKku GyHKIUA ¢ OChIO OPIMHAT:
a) y=(x+1)(x+3); d) y=(2x+5)(3-x); 2) y=(X-1)(x-6);
b) y=(x=2)(x+3); e) y= X(x—4); h) y==(x+2)(x+4);
) y=(x=7)% f) y==(x+4)(x=5); i) y==(x-3)(x-4)?

HaiianTe Touky nepecedeHus mapadosibl C OChIO abCIHCC:
a)y=x>—x—6; d)y=3x—x? g) y=—x>—4x+21; j) y=-2%x>+x—5;
b) y=x*—16; e) y=X>—12x+36; h)y=2x>-20x+50; k) y=—6X*+x+5;
C) y=X2+5; f)y=x2+x-7; 1) y=2x>-7x-15; 1)y=3x>+x—1.
Haiinute Touku nmepecedeHns mapadoiIbl ¢ OCBIO OpUHAT:

a) y=x>+tx—2; r) y=X*+x+4; g) y=—x>=7X; J) y=—x*+2x-9;
b) y=(x+3)% e) y=3x>—3x—36; h) y=—2x*+3x+7; k) y=4x>—4x-3;
©) Y=(x+5)(Xx2); f)y=—x—8x—16; 1) y=2x-18; 1) y=6x>*—11x—10.



105.

106.

107.

108.

109.

Haiinute och cuMMeTpun mapadosibl:

Haiiaure och cumMeTpun mapaboJibl:
a) y=(X=2)(x—6); d) y=(x=3)(x=8);
b) y=x(x+4); e) y=2(x—5)%
¢) y=—(x+3)(x=5); f) y=3(x+2).
Haiinute och cuMmmeTpun mapadosibl:
a) Yy=X2+6Xx+2; f) y=—5x>+7x;
b) y=x>—8x—1; g) f(X)=x>—6x+9;
c) f(X)=2x2+5x-3; h) y=10x—-3x?;
d) y=—x2+3x—7; 1) y= i X2+x—1.
e) y=2x>-5; 8
Haiinute koopauHATH BEPIIMHBI TAPAOOITHL:
a) y=X>—4x+7, f) y=—3x*+6x—4;
b) y=x>+2Xx+5; g) y=x*—x—1;
c) f(X)=—x?+6x—1; h) y=—2x>+3x-2;
d) y=x>+3; Lo 1 B
o) F(X)=2x2+12x: i) y=—g Xo+3x2.
Ilo 3amanHOM mapabose HaliIuTe COOTBETCTBYIOIIYIO €11 KBaAPATUUHY IO

¢dynkmuto (109-110):

(19]



110.

111. Jlunbinon HEIPHYJ B MOpE 3a KemM4yroM. [1yOuHa ero nmorpy>keHus 3a
t cexyuna paBua H(t)=—4t>+4t+3 merpos, t > 0.
a) Ha kakoii rimyOune HaxoauTcst xemMuyr?
b) Cxonbko BpemenH notpedyercs Junbiuony asst coopa xxemuyra?
c¢) C xako# BBICOTHI HBIpHYJ B Mope J{uibios?
112. ’KacmuHa nonyduiia 3aKa3 Ha NOLIMB IUIaTheB. Eciiy OHa 3a JieHb ket
X IUIaThEB, TO Moay4aeT npuosLIb B P (X)=—X2+20X momrapos CIIA.
a) CKOJIBKO TUIATHEB OHA JOJKHA CITUTh, YTOOBI IOy YHUTh HAMOOJIBIITY O
npUOBLIL?
b) CKOJIBKO J0JIJIaPOB COCTABUT HAUOOJIBINIASI TPHOBLITE?

1. Kaxkwue u3 cnenyoomux OTHOMICHUH ABISIOTCS (PyHKITUEH?

a) b) c)




d
) y ? Y 3,2

1 (3,1
X
X -1

(=2,1)

2. Kaxkue u3 cneayrommux MHOXKECTB YIIOPSITOYEHHBIX Tap SBIISIOT-
cs1 oroOpaxxeHneM? OOOCHYITE CBOM OTBET.
a) {(13 2)5(_19 2)9(09 5)7(25 _7)}9 b) {(On 1)5(19 3)9(27 5)9(03 7)}9
¢) {(6, 1),(6, 2),(6, 3),(6, 4)}.
3. Haiigute o0nactp onpeneneHuss 1 MHOXKECTBO 3HAUCHUN (PyHK-
IIUH, 33IaHHBIX B TPaQUIECKOM BHJIC:

a) b)
y /

N X

(3,-4)
4. Hwxecneayrorias quarpaMma 3aaaet otoopaxenue y=f(X):

1) Hamummure o0nacTe onpenesieHus ¥ MHOKECTBO 3HAUCHUI
otHomeHus Y =f(X).
2) Kak uzo0paxaercst otoopakenue y=f(x) B [lexkapToBoii Ko-
OpAMHATHOH cucteme?
3) Jus y=1f(X) Hanummre TOYHOE BBIpAKEHHUE.
5. Jnsa yukmuu f(X)=2X—X? HaliguTe 3HAYCHUS:

2) f(2); b) f(-3); 0) f(—% ).

6. Haiinure u ynpocture BeipaskeHus st GyHKun g(X)=X>-3X:
a) g(x+1); b)g(x*-2).

(21)



7l

8.

10.

Haiinute mpoMexxyTku yObIBaHUS W BO3pacTaHus (DpyHKIWH, 3a-
JTAHHBIX TpapUIECKU:

y y y
X 4
X
-1 1 X
y X=— yy: 4 y
(-1,3) 10
X X y
(4.-7) °
Jlns pysakuumit: a) f(x)=2x+1; b) f(X)=—3x+2;
c) f(x)=x%; d) f(x)=—x3

1) HaiimuTe Touku nepeceueHust PyHKIUM ¢ OCSIMHU:

2) HaiinguTe KOOpAMHATHI TOYEK JIOKATLHOTO MAKCUMYyMa, JIOKaJTb-
HOT'O MMHUMYMA.

3) IoctpoiiTe cxemaTnuecku rpaduKu 3TUX QyHKIIHIA.

Ha pucynke uzoOpaxeHa (amtp)
3aBHCHUMOCTB 00beMa V BEITeKaeMon

U3 LUCTEepHBI He(PTH 3a Bpewms t,

BBIPQ)KEHHOE B MUHYTaX.

1) Haiinure hopmyiy 3aBucumMocTu

o0bema OT BpEMEHHU.

2) Ckonpko He(TH BBITEUET 3a

15 MunyT? (uurty)

3) 3a ckonpko MUHYT BbITe4eT 50 TUTPOB HEDTH?

4) Yepes kakoe BpeMsl IIUCTEPHA OITyCTEeT?

Kamens OpomreH BBepX ¢ BBICOTHI 60 METpOB HaJ ypOBHEM
Mops. Uepes t cekyH BbICOTa KaMHSI HaJl YPOBHEM MOpPsI paBHa
H(t)=-5t?+20t+60 meTpoB.

1) Yepes ckoIbKO CEKyH/ BBICOTA KaMHsI OyzieT HanOobIei?

2) Yemy paBHA HauOOJbIIAs BHICOTA KAMHSI HAJl yPOBHEM MOpSsi?
3) Uepe3 CKOIBKO CEKYHJ KaMEeHb YIAJET B BOAY?



11. Depmep orpaaui 1Ba MO OAWHAKOBOM IJIOLIAIN U PACTIONOKEH-

HBIX psAsioM co cTteHoil nepumerpoM 2000 MeTpoB, Kak MOKa3aHO
l l

Ha PHUCYHKE.

XM

1) Kak BeIpakaeTcst uepe3 X cymMmapHas IUIomaab moiei?
2) CKOJIBKO KBaIpaTHBIX METPOB MOXKET COCTABIISITh HAMOOJIbITIAS
IJI0ILA/Ib ABYX Mosiei? OnpenenuTe pa3mepbl TAKUX MOJEH.

NEPHOJUYECKHUE IPOLECCHI "
55 _ HABJIIONEHUE 3A HUMH

[Tepuoanyeckue mpomecchl LIMPOKO PACHPOCTPAHEHBl B IPUPONE U B
TexHuKe. [IprBeneM npuMepsl TEPHOIUIECKUX MTPOIIECCOB:
*  U3MEHEHHE MOToJIbl B TEUEHHE ro/1a;
* U3MEHEHHE CPeJHEH TeMIepaTyphl 0 MecsIaMm;
*  IPOJOJKUTEIBHOCTD JHS M HOUM;
* m1yOuHa BoIbl y Gepera Mops;
*  YHCIJIO )KUBOTHBIX B apeajie uX oOUTaHus;
*  W3MCHEHHE aKTHBHOCTH COJHIIA;
*  IepUOANYEcKHE KoJIeOaHUsl B MEXaHUKE, B AIEKTPOTEXHHKE.

B sTHx npomeccax B onpeaeneHHble TPOMEXYTKH BPEMEHH HaOII0qaroTCs
MOBTOPSIIOIINECS CUTyallMd. B 3aBUCUMOCTH OT CHUTyallMM, OHM Ha3bIBAIOTCA
nepuoouyecKuMU, KoieoamenbHblMU Ul YUKIULeCKUMU.

PaccMoTpum TabmnuiLy, BeIpa)karolyo M3MEHEHNE MAaKCUMaJIbHOM MECSIYHOM

temneparypsl B ropoae Keinrayn (FOAP):

Mecsan

Sa |Desn

Map

Anp

Mait

Nron

ron

ABr

Cen

OKT

Hos

Jex

Temmn (°C)

28 | 27

1
25E

22

1
18E

16

15

16

18

21
2

24

26

(23]



Breipazum 3té cBenmeHus rpadu-
yeckd. [lycTs ocbh opauHar o3Ha-
YaeT TeMIleparypy, a 0Cb abcuuce
— TIOpSAIKOBBIM HOMEP Mecsua
(Hammpumep, st Mecsna ¢eBpaib
t=2). (cm. puc.). Tak kak cpen-
HSIsS TeMIleparypa B sSHBape paBHA
28° C, €ecCTeCTBEHHO MPEIoio-
JKUTh MIOBTOPEHHUE TOTO 3HAYCHUS
B SIHBape Ka)kJI0ro ro/ia, TO €CTh C nepuoouyHocmsio B 12 Mecsies.

Boo0riie roBopsi, paccymasi aHAIOTHIHBIM 00pa3oM, MOTyYrM TrpaduK, MPUOIKeH-
HO OTpa)KarOLHUI H3MEHEHHS CpeIHEH TeMIIepaTyphl [0 MecsiliaM U B OCIETYIOIINE TOJIbL.

T(°C)
30

20

(mecsyot)

SIH SAH

10
(mecsyol)

3 6 9 12 15 18 21 24
SAH SAH

OtMmeTuM, uto ecnu (ynkius Y=f(t) omuceiBaeT cpenHIO0 TeMIeparypy 3a
mecsn t, To umeem: f(1)=Ff(13)=F(25)=... f(0)=f(12)=f(24)=... . B obmem ciryuae
st ipousBosibHOTO t Oymer f (t+12)= f(t).

ITpu 31OM cpok B 12 MecsitieB, B KOTOPOM HaOMIOIAeTCsi IOBTOPEHHE, HA30BEM IIEPHOI0M.

Ecnu s dynkiun f(X), onpenenennoii Ha MHOXKeCTBE X TPH MPOU3BOIBHOM
X cymectByeT T>0, ynosierBopsromiee paeHctBy f(X+T)=f(X), To dpyrkius f(X)
Ha3bIBACTCS nepuoouieckou, Ipu 3toM X+T €X.

Ouesunno, yro ecmu f(x+T)=f(x), 1o Ff(X)=f(x+T)=f(x+2T)=...
Haumensbiee 3HaueHne Takux ancen | >0 Ha30BeM nepuodom @yHKyuu.

Ecnu xosteco coBepiliaeT BpaliarelibHOe ABMKCHHE 1O TPSIMOi, TO OTMEUCHHAS B
HEM TOYKa COBEPIIIACT IEPUOTNUECKOE IBHKCHHUE IT0 KPUBOH, HA3bIBAEMO# ITMKJIOM/IO]A.

Heo0xoammo oTMeTHTb, 4TO IUMKJION/IA HE ONIMCHIBACTCs ypaBHeHueM Buza Y=Ff(X).

I'paduku nepuoandeckux GyHKIUA UMEIOT CIIEIYIONIYIo (hopmy:

AANAAAANAAN
RVAVAVAVAVAVAVAVAVE




. max+ min
Ypasnenue enasnoii ocu HaxooUTCS CAELYIOIUM 00pa3oM: y=————,

I7e max — HauOOoJIbIIee 3HAYCHUE, @ Min — MUHUMAaJIbHOE 3HaYeHUE (PYHKITUU.

[Teproamaeckast GyHKIMS UIMEET CIICTYIOIINE COCTABHBIC YACTH:
MakKCUMyM

aMIUIMTY1a

TJIaBHas

MHUHUMYM nepuon 0Chb

AMIUTATY/Ia €CTh PACCTOSTHAE MEKYy MAaKCHMyMOM (DYHKIIUHU H TJIaBHON
OCBIO (MJIH MEX]Ty OCBI0 1 MUHUMYMOM):
aMIUTUTyla = M
Bonpocs! u 3a1anust
__ | 1. IlpuBexnrte mpumep NEPHOANYECKOrO HpoLecca.
-_*"j' 2. Jlaiite onpenenenue nepruona GyHKIIUH.
| 3. Kax BeluMCHIsieTCS aMITUTY/1a IEPUOIMYECKOi PyHKIMH?
4. Yro Takoe nukiionga?
YupaxHenus
113. [lns kaxaoro ciydas HM300pa3uTe JaHHBIE B TpadUvyecKoM BHUAC W
ceNaiTe BBIBOA 00 MX MEPUOIUIHOCTH WIIH HETIEPUOTUIHOCTH:

y X 0 1.2 3 4 5 6 7 8 9 10 11 1
Yy 01 141 0 -1 -14-1 0 1 14 1 0
x 0 1 2 3 4
Dy 4 1 0 1 4
o X 0 0510 1520 2530 35
y 0 19 35 45 47 43 34 24
g X 0 2.3 4.5 6 7 8 9 10 1
y 0 47 34 17 21 52 89 109 102 84 104

114. B wmwxecnenytomeil tabnuie NPUBEACHBI BEIHYMHBI, BBIPAKAIOIINE
JBUKCHHE TOYKH, OTMECUEHHOW Ha KoJiece, KOTOpOE COBEpIIAcT I10
MPSIMOM BpaIlaTesIbHOE JIBI)KECHUE.

Pacctosnue (cm) 0 20 40 60 80 100 120 140 160 180 200
BricoTa (cm) 0 6 23 42 57 64 59 43 23 7 1

Paccrosinue (cm) 220 240 260 280 300 320 340 360 380 400
Beicora (cm) 5 27 40 55 63 60 44 24 9 3

(25)



a) 300pa3ute 3aBUCUMOCTD BBICOTHI OT PACCTOSIHUS B TPA(hUUECKOM BUJIE.

b) SBmsercs nu 3TOT mpouecc mnepuoandeckum? Ecmu mporecc
MIEPUOJINYECKUI, TO HaWIUTE ypaBHEHUE OCH, MAKCHUMyMa, NEpPHOJA,
aMIUTATYbI, (PYHKIIHH.

115. Kakue u3 cienyromux rpaduKkoB BeIpaXXaroT MEPUOJUUECKUH Tporiecc?

a) ty b) 4y
AN I

1-\//2 3V4 5\/6X “ 36 9 12 1518 X
c) d) y —_—

: : i _)_( -1 2. —

1 2I__7) 4 ?_? 7 8|_9 By 1 2 3 4 X
S)

X

116. LY

1 X
-2
-3
JJ1s 3a1aHHO# TIepUOIUIECKON (DYHKITUH:
a) HaliIuTe aMIUIUTYAY; b) HaliguTe nepuos;
C) HaliIUTE TOUKY IIEPBOTO MAKCUMYyMa;

d) ompenenuTe paccTosiHUE MEXKIY ABYMsI MAKCUMYMaMH;
€) COCTaBbTE YpaBHEHUS INIABHOM OCH.

®YHKIHHU y=sinx, y=cosx U MOJIEJUPOBAHUE
56-58_ ¢ ux momoIpo

[Tycts B mpsAMOYrojbHOM TPEYTOJbHHKE &, D — KareTwl, C — THIOTEHY3a.
Yro1, MpOTUBOTIONIOKHBIN KaTeTy a8, 0003HaYuM depe3 o, (cM. puc. 1).

B kypce reomerpuu CHHYC W KOCHHYC yIJla O BBOAATCS C IOMOIIBIO
CJICTYIOIIUX PABEHCTB:

. a b
sino=—, coso =—.
c c

Eciu npunsATh AnTMHY TUnoTeHy3bl 3a 1, To puc.1 npumer Bug puc. 2.

BBeneM B mI0CKOCTh CUCTEMY KOOPIMHAT, PACCMOTPUM B HEU OKPYIHCHOCHIb,
paguyc KoTopoi paBeH 1 (edunuunas oxkpysxcHocms) W Ha 3TOH OKPYKHOCTHU
0003HauMM TOYKY A, COOTBETCTBYIOIIYIO YTy o (puc.3).



y
sino A,
¢ a 1 .
sina o
0] cosa X
o H o
h coso
Puc.1. Puc.2. Puc.3.

CuHycoM yTiia o Ha3bIBaeTCs OpJMHATA TOUKU A , TOJTyUYEeHHAs B pe3yJIbTaTe
noBopota ToukH (1;0) BOKpyr Hayasa KOOpJAUHAT Ha yroi o (oOo3HauaeTcs
Kak sina).

TouyHo Tak e, KOCHMHYCOM yIJla 0 Ha3bIBaeTcsl alciucca TOUkKH A,
(0b03HaYaETCS KaK COSQL).

Ecnu Touka, cCOOTBETCTBYIOIIAsT YITIy ., JIGKHUT Ha JPYTUX YETBEPTAX, TO
uMeeM ciienyomue Guryps (puc.4):

y y y
A .
o sinot
(04 o
cosa 0] cosa.
cosa, O X 0] X X
o
sino sino
Puc.4.

[Tycts 0°<a<360°. U3 Teopemsl [Tudaropa cienyer ocnognoe mpuconomem-
puueckoe modxcoecmao cos’a+sin‘o=1.
OrmeTuM, 4TO yribl (Oyru), paccMarpuBaeMble B TPUTOHOMETPHH,
U3MEPSAIOTCS B I'pajlycax UM B paJuaHax.
OTHolEHNe NIUHBI OYTH, COOTBETCTBYIOLIEE LIEHTPAJIbHOMY YIIy O Ha
paznuyc ToM K€ Ay, Ha3bIBaeTCsl paMaHHOW MEpOH 3TOro yIvia.

1
Pannannas MCpa yIJiia O, 3alaHHas B I'paaycax, paBHa —1800 a.

[TpuBenem TabIuIly pagiaHHBIX MEp HauOOJIee YacTO BCTPEUYAIOIIMXCS YIVIOB:
['pamycer 0° 30° 45° 60° 90° | 180° | 270° | 360°
3n
2

Panuanel 0 T 2n

o3
~|a
w3
N

(27)



Haiinem 3HaueHus cuHyca U KOCUHYCA HEKOTOPBIX YIVIOB.

1. Iycts a=0° (puc.5). B nanHom ciyyae abcuucca COOTBETCTBYIOIIEH
TOYKH paBHa 1, a e€ opaunara pasHa 0. CinenosarensHo, sin0°=0, cos0°=1.

2. Myers 0=n/6=30° (puc.6). Tak KaK B MPSIMOYTOJIHHOM TPEYTOJbHHUKE

o .1

KareT, MpOTHBOJIeKaIMi yrry B 30° paBeH MOJIOBUHE THITOTEHY3bI, TO Sin— = 7
B J3

5 -

2
T 1
ITo 0CHOBHOMY TPHTOHOMETPHUECKOMY TOKACCTBY OS¢ = 1—[5) =

3.Myctba=n/4=45° (puc. 7). BaToM ci1y4ae moaydurcs paBHOOSIPEHHBIN
NPSIMOYTOJILHBIN TPEYTOJBHUK.

B Takom TpeyroiabHUKE CUHYC M KOCHHYC yIVIa 0. paBHBI MEXIy co00i U
noJiokuTenbHbI. O003HaUNM UX yepe3 X. 3 0CHOBHOTO TPUTOHOMETPHYECKOTO

2

— 2 T . T
TOXKIECTBa X*+X°=1, T.e. X= ER CnenoBaresbHO, COSZ =Sin—=—.

2
y y y T
n z !
1 3 2
2 T T
6 g
0 X O \/_g X o] f22 X
Puc.5. Puc.6. Puc.7.
y & y
a3 n
2 2
T
3
© % X @) X
Puc.8. Puc.9.
4. Ilycte a:§:60° (puc.8). B aToMm ciyuae, paccyxias Kak U B ciaydyae
x B

i n 1 i
o = — , IOJY4YHM PaBeHCTBA COS—=—, SiN—=—— .
6 - 3 2 3 2
5. Ilycth a=§=90° (puc.9). B aTom cirydae abGciucca COOTBETCTBYOIICH



, T . T
ToukH paBHa 0, a e€ opauHara paBHa 1. CiienoBarenbHO, COSE =0, sin 3 =1.

y y y
2
3 3 % V2
2 2 on
21 o 3m 6 Sn
3 4 6
20 X V2 O X 2 X
3 2 2
Puc.10.
5
6. Paccmorpum ciyuan: 2m _ 120°, 3; =135°, % =150° (puc.10). dns
3
21 2n T i
TOYKH == HMeeM 3 =m— 3 Torma sTa TOYKa CHMMETPHUYHA TOYKE 3
27 1 . 2% 3
oTHOocuTenbHO ocu Oy. CrnenoBarenbHO, COS— =——, Sin ? = % )
3n 3n T
s Toukn 7 nMeeM 7 =7 e Torma 3Ta TOuka cCUMMETpUYHA TOUYKE
T 3 2 . 3 2
— oTHocuTeIbHO ocu Oy. CregoBarenbHo, Cos—n = —£, sin °r_ £
4 2 4 2
5n 5n T T
Jlns ToukH 5 HMEEM 5 =T 5 Tornma sTa TOYKa CHMMETpUYIHA TOUKE 5
n 3 .51 1
otHocutenbHO ocu Oy. CrieoBarenbHoO, COSF = 5 sin 5 = >

7. B caygae a=n=180° umeem cost=—1, sinn=0. J[oka3aTeabCTBO
3TOTO NPEAOCTABISEM yUyalluMCH.

Berimie Mb1 onpenenniny 3HaueHUs KOCUHYCOB U CHHYCOB HEKOTOPBIX YIJIOB
u3 orpeska [0; mt]. [lpubaBuB K KaXKAOMY U3 3TUX YIVIOB T, MO)KHO OIIPEEINUTh
3HaY€HUs KOCUHYCOB U CUHYCOB YIJIOB U3 OTpe3Ka [1; 27].

[lomyuyennsle  pe3yabraTbl  W300pa3sUM  Ha  MPULOHOMEMPUUECKOU
oxpyacnocmu (puc.11).

[Tonmp3ysick BBINIEYyKa3aHHBIMU 3HAYCHUSIMH, MOKHO TIOCTPOUTH Tpaduku
dyHKIMIA Y=sinX, y=C0Sx. /];1s1 3TOr0 Ha OCH abCcLMCC OTMETUM 3HAYECHHUE YIIIa O, a
Ha OCH OpJMHAT OTMETUM COOTBETCTBYIOIINE 3HaUE€HHs CUHYCa. 3aTeM IIOCTPOUM
COOTBETCTBYIOIIIME TOUKH. Terepp, COETMHNUB 3TH TOUKH TUIABHOW KPUBOM JINHHUEM,
NoJay4YuM u300paxeHue rpaduka QyHKuu Y=sinX Ha mnpomexyTtke |[0;27]
(puc.12). I'paduk dpynkimu y=cosx (puc.13) crpourcs moroOHBIM 00pa3oM.

(29]



30° =

90° =

Nl o3

180° =m;

240°= 4T

315° = n

450:5;
4
120° = 2—n'
3
210° = E'
6
270° = 3—“'
2
330° = ﬁ

135° =

225° =

300° =

60° =

Puc.11. Tpuronomerpuieckast OKpy’kHOCTb. HekoTopble 3HaUeHUs CHHyCa M KOCHHYCA.

y

1
J3/2

V212
1/2

~1/2
2172
—ﬁ/%

J312
V212

1/2

“1/2
212
—\6/%

T

T
3 2

ola
NI

Puc. 13. y=cosx, 0 < X <

2n3n57c T
3 46

Puc. 12. y=sinx, 0 < X

< 2w

2m.

3n
2 34 6

57 7n 1ln

21

2n X

X



[Iponomxkus 3tH rpaduku NEPUOIUYECKU, MOJYYUM Tpaduku (QyHKIMMA
y=sinX, y=C0sSX (puc.14 u 15).

¥i
y=sinx
T | K 1 S
-t "2 0 l% ! 77:27‘ =
| : %
X
Puc.14. y=sinX, XER.
Yi
Yy=COSX
|| B
|
A A
= 2L &L | X
ALY BN N
-1
X

Puc.15. y=cosx, XER.

W3 atux rpaduKoB MOITydnM CIeIyIONINe BBIBOIBI:

nepuon (GyHKIMU Y=sinX (Y=CO0SX) paBeH 2m, aMIUiuTyna paBHa 1, a
HaWMEHbIIIEE 3HaYEHNE paBHO —1.

[TpuBenem HekoTopbie GakThl 0 GyHKIUAX Y=asinX u y=sinbx, a#0, b#0,
IIMPOKO MPUMEHSAEMBIX B IPUIIOKCHHSX.

Amnnutyna ¢yHkuuu Yy=asinX paBHa |a|. E€ rpaduk momyuaercs B
pesyabrare pacTsokeHus rpaduka GyHknuu y=sinX npu |a|>1, a npu |a|<l

[e]
b|
nosyuaetcs u3 rpaduka ¢yHkiuu y=sinX npu 0<|b|<1 pacTsxeHuem, a
npu |b|>1 cxaruem.

I'papux PyHkuum Buga Y=sinX+C TmoJdy4aeTcss B pe3yibrare
napajuieIbHOTO IepeHoca rpaduka GyHKIUU Y=sinX Ha ¢ IUHUIl U TIPH 3TOM
1aBHAsA OCh PYHKIMHM Y=sinX+C uMeeT ypaBHEeHUE Y=C.

(e

okarus. Ilepuon ¢yukiuu y=sinbXx pasen ['padux sToli PyHKIMH



Y4auTeiBasi BBIIICTIPUBEICHHBIC CBEICHHUS, MOXHO TIOCTPOUTH TIpaduk
¢dbyHkImMy BUuaa y=asinbx+c.

Hanpumep, paccmorpum dyHkiumio y=2sin3 X+1.

I'padux otoit dyHKIMKM momydaeTcs w3 rpaduka QyHKIHHA Y=SinX
CJIEIYIOIIUM 00pa3oM:

1. YMHOXUB aMITUTYIy Ha 2, IOTy4yuM Y=2sinx.

2. Pazgenus nepuon Ha 3, momy4dum y=2sin3x.

3. CoepmuM mnapajienbHblid nepeHoc Ha 1. InmaBHas och (yHKIUU
y=2sin3x+1 umeet ypaBHeHue y=1.

4. B pesynbrare nonyuuM rpaduk Gyakmun y=2sin3x+1.
[TooOHbIE pacCykASHHUSI MOXKHO IPUBECTH U O (PYHKIIMU Y=COSX.
Ipumep 1. ToctpoiiTe rpaduku GyHKINH Y=2s1nX, y=—2sinX, y=sin2x, 0°<x<360°.

Bravase noctponm rpaduk GpyHKIuu y=2sinX. AMIUIATYAa 3TOH QyHKITUU
paBHa 2 u e€ rpaduk NoiayyaeTcs B pe3ysbTaTe pacTshKeHUs rpaduka GyHKIHHU
Y=sinX 10 OCH OpJHHAT.

-2

I'padux Qyakmum y=-—2sinX cumMmeTpuueH rpaguky (yHKIUU Y=2sinX
OTHOCHUTENBHO ocu abciucc. [lonp3ysack 3TuM, mocTpouM rpapuk QyHKIANA

=—2sinx.
Y Ay

27 L y=-2sinX
"'--._.Qmo ,
X

90° 180°

¥=2sinx

Fant

21

o

[lepuon gyHkmM y=sin2X paBeH =180°. I'paduk 3T0i1 PpyHKIMH HMEeT

3
BU: 2
y
l
270° 360°
* X
T 900\—/ \_/

180°

- y=sin2x

A



Ilpumep 2. Ioctpoiite rpadpuku GyHKUUN Y=sinX u y=sinx— 1 npu
0°<x<K720°.

A

riiaBHas OCb

Ilpumep 3. lloctpoum rpadux GyHKIHH y—2cos2x B oTpe3ke 0°<X<360°.

a=2. CienoBarenbHO, aMILIU- t =2co082x

tyna ¢yukoum: |2|=2. Tak kak 2
b=2, tT0 mepuwox  QyHKUMH: 1
360° 360° o &
bl 2 =180°. Orcroma umeem ~ |\ o0° | 180° | 270° ] 3605
CIIETYFOIINH TpaduK: -
-1

Bomnpocs! u 3aganns
1. laitiTe onpeniesieHue CUHyca yria B €IMHUYHON OKPYKHOCTH.
2. JlaliTe onpesneneHyie KOCUHYCA yIJia B TUHUYHON OKPYKHOCTH.
3. Beiuucnure cuHyc U KOCuHyc yria B 30°.
4. Haueprtute rpaduk GyHKINUU Y=SsinX.
5. Haueptute rpaduk QpyHKuu y=COSX.
YupaxHenus

A

117. Tlocrpoiite rpaduku GyHKIwmii Ha oTpeske 0°<X<360°:

3 3
b) y=—3sinX; =5 sinX; | d) y=—— sinx.

2
118. TTocrpoiite rpaduku pyHKIuit Ha oTpeske 0°<KX<K540°:

X
d) y=-sin—.
)Y 3
119. Omnpenenute nepuon GyHKITUH:

120. Ecmu mis pyukiun y=sinbx, b>0 ero nepuos pasen:
a)900% | b)120°; | ©)2160° | ) 720°.
TO Hauaure b.

(33])



121. ITo rpaduky dyukuuu y=asinbx+cC omnpenenure uucia a, b, C:

122. Tlocrtpoiite rpaduku GpyHKui Ha oTpeske 0°<X<360°:
a) y=sinx+1; b) y=sinx—2; c) y=1-—sinx;
d) y=2sinx—1; e) y=sin3x+1; f) y=1—sin2x.
123. Ilo rpaduxy gyHKIHH Y=COSX

y
i
AT /I\ 180° .
-360° \/ \/ 360°"
1

oCTpoiTe rpaduku QyHKITUHI: 5
a) y=CO0SX+2; b) y=cosx—1; c) y=§cosx;

d) y= gcos X; €) y=—CO0SX; f) y=cos2x;

) yzcosg); h) y=3cos2x.



124 Ornpenenure nepron GyHKIIUM:
X
a)y=cos3x; b)y= COS(E) ;¢ y= cos(%) ; d) y=cos4x.

125. Ilycte 3agana pyHkuusa y=acoshbx+c. Onpenenure reoMeTpuyecKuit
CMBICT YHCen a, b, c.

126. Ilo rpaduky ¢pyukiuu y=acosbx+c Haigure ‘{I)/ICJIa a, b, c.
a Ay Ay c 4y

z N \17\@00/-\ N
R VARVERY;

Ipumep 4. Huxe nana taOiuIa H3MEHCHUHW MECSYHOW MaKCHMaJIbHOM
Temriepatrypsl B ropone Keiinrayn B FOxHoit Adpuke.
Mecay  AHn | Des Map Anp Mau Hion Hion Aee  Cen Oxm Hos = Jlex

3607 720

TEC) 28 27 257 22 187 16 15 16 18 215 24 26

[TpuBenem rpaduk, MpUOTMKEHHO OTPAKAIOIINA U3MEHEHHUS MaKCHUMaJIbHOM
TeMIEpaTyphl:

t (M (mecsip)

Sn Sn
JomycTtum, 4T0 MOZEIb ATOTO IIpoliecca UMeeT Bull 1 =acosht+c. Haxonum

napaMmeTpsl a, b, c. Tak xak nepuoj paseH 12 mecsuam, To

360 =12, 1e. b= 360 =30°.
|b| 12
max—min 28-15
Beruncnum aMmnutyay: ~ =6,5. Orcrona a~6,5.

2 2
HOCKOJ'IBKy IllaBHasA OCb HAXOAUTCA B CCPCAMHC MAKCUMAJBHOTO U

28+15 ~215.

(=)

MUHUMAJILHOTO 3HAYECHUI; C =~



CnenoBarenbHO, MaTeMaTruyeckas MOJENb HW3MEHEHHUS MaKCUMaJIbHON
MECSYHOM TeMIieparypsl ecTh QyHkmmst 1~6,5 cos30t+21,5.
YnpaxHenus

127.

128.

129.

N3BecTHO, yTO Ha MossipHOM 6a3e B AHTapkTuie B TeueHue 30 yer

CpemHsisi Temneparypa Oblia TaKO:

HopsinkoBas 1 2 3 4 5 6 7 8 9 10 11 12
mmQpa Mecsa
g;ech’;“epaTypa 0 -4 —10 —-15 —16 —-17 —18 —19 —17 -13 -6 -1

CocTaBbTe MaTEeMaTHYECKYFO MOJIC]Tb M3MEHEHUS CPETHEH TeMITepaTypPhl.

[Ipn HaGmroneHWMM Ha Oepery y Mops Tpollecca OTIMBA W TPHINBA
BO/IBI OBUTM ONpENENICHbI CIEAYIOINEe CBEICHUs: 1) pasHHIA MEXKITY
MaKCUMaJbHBIMH W MHUHUMAJIbHBIMA 3HAYCHUSIMH TJIyOWHBI BOJIBI
coctaBmwia 14 wmerpoB; 2) miIyOMHa BOABI CBOETO HaWOOJBIIETO
3HAYEHHUs JOCTUTAaeT B cpeaHeM 3a kaxable 12,4 udacoB. CocraBbTe
MaTeMaTHYCCKY0 MOJICIb U3MEHEHUS ITyOUHBI BOJBI IO OTHOIIICHUIO K
BPEMEHU M M300pa3uTe €ro B rpapmueckoM BHIC.

Ha xomeco Benmocumena yCTaHOBIIEH CBETOOTPAKATENb JKEITOTO
uBera. [Ipu qBMKCHUH BEIOCHIIEa HOYBIO HA TIPSIMOJIMHEHHON Jopore
OH ObT CHAT Ha BHueom3oOpaxkenune. Ha ocHoBe Buaeodukcanmm
OTIPEICINIM W3MEHECHHUE BBICOTBI CBETOOTPAXKATEIs MO OTHOIICHHUIO K
YPOBHIO IOPOTH B 3aBUCHMOCTH OT BPEMEHH U COCTABWIIM CJICTYIOIIYIO
Ta0bIuILy:

Bpewms (t, cex.) 0,1/0,2/03/04/05106/(0,7(/0,8/0,9
Beicota (H,em) | 19| 17 | 38 | 62 | 68 | 50 [ 24| 15 | 31

a) COCTaBbTE MAaTeMaTUYECKYIO MOJIEIb MPOIIecca, UCIONIb3Ys (yHK-
A0 CUHYC;

b) HauepTuTe rpaduUecKuil BU MPOIIecca;

C) HalauTe paguyc Kojeca;

d) Ha KaKOW CKOPOCTH JIBUTAJICS BEJIOCUTIEN?

MPOCTENIIUE TPUTOHOMETPUUYECKHUE

59-61_ ypaBHEHUSA

YpaBHeHHe sin X=a

N3BecTHO, uto —1< sin X < 1, moatomy ypaBHeHue sinX=a mpu |a|>1 He
uMeeT pemieHus. [ HaX0XKIeHUs pelIeHUsl ypaBHEHUS B IPOMEXKYTKe
—1<a <1 BBOAUM cienywIlee ONpeieICHUE:



s
Apkcunycom yucna a€[—1; 1] nHazpiBaeTca 4ucio XE[_E;

], cunyc
) : T T .
KOTOPOI'O paBeH &: €cliy SinX=a u X€|[——;— |, To arcsin a=x.

N

[Ipu pemennn ypaBHeHHS BOCTIOIb3yeMcs TpadpukoM QyHKIIMKU Y=sinX Ha
puc.16.

Ya
N

AN ;

7 2x
O X

-
=Y

Puc.16.

Kak Buano u3 rpaduka, npu ae€[—1; 1] pynkuusa y=a B orpeske [0; 2]
nepecekaeT rpaduk GyHKIHH Y=sinX B TOYKax ¢ abcuuccaMu X, U X,=T—X,.
OTH ABE TOUKU MOXKHO HAMUCATh C TIOMOIIBIO OTHOW (hOPMYIIBIL:

Xx=(—1)" arcsina, rne n =0, 1.
Jlnst pemieHU st ypaBHEHUS, NOJb3YSACh MEPUOTUIHOCTHIO PYHKIIUH
Yy=sinX, MOJIy4lM CJIEAYIOMYI0 (OpMyy:

x=(—1)* arcsin a+ nk, keZ.

M
IIpumep 1. Berancnure: 1) arcsing; 2) arcsin [—%}
Ilo ompenenenuro —1£££1, Ee[—E;E] U TaK Kak sinzzﬁ, TO
2 3 2 2 3 2
arcsin ﬁ =

=——. A
y

s . 1 .1
3 Touno Taxxe, arcsin(— E) =—arcsin—

. 1
IIpumep 2. Pemure ypaBHEHHE Sin X=7.
ITo popmymne (1) pemenne ypaBHEHUS:

K= (D arcsin -+ k= (-1 Tk, kez. A

. X 2
Ilpumep 3. Pemunte ypaBHEHUE: Sln( T ): V2

12 2) 2°
Tak kak GyHKIHsI Y=sinX HeUeTHAs, TO SiN (g —%) = —% .
[Tpumenus dhopmyimy (1), moaTyduM paBeHCTBO
X 7

. . 2
= (-D)* arcsin V2 +7k, keZ.Tak kak arcsin V2 =z
2 12 2

(37

4



X T K T
———=(-1)"| —= [+ 7k
HJIN MOJIYYUM PCIICHU A 2 12 ( ) ( 4J

2 12 4

[IpuBenem pelieHus ypaBHEHHUsI SINX=a B YaCTHBIX CIydasX: Ipu

X Z o -Tlonk nmm x=Z+ (0 Zy2kn, keZ . A
6 2 -

a=1 x:g+2nk, keZ;npua=-—1 X:%n+2nk, keZ;
npu a=0 x=nk, KEZ.
Ilpumep 4. Pemnte ypaBHeHue: Sin (% —gj =0.
N3 a=0 naxomum: —l+£:nk, iznk +£, T.€. TIOJYUYUM DPEIICHHE:
10 2 2 10

X=%+2nk, kezZ. &

Pemenne  ypaBHeHHsT  sinX=a  JIETKO y 4

h
. 1
OOBSCHUTh Ha EAMHUYHOU OKpyx)HOCTH. Ilo A A
. Xy «
OINPEICNICHUIO, SINX — OpJAMHATa TOYKHU AXy B a "
eNMHUYHOW OKpyxHocTu. [lpm |a|<l Takue

ToukM 1Be, T.e. Ax u Ax. Ilpu a=+1 onna. 0 *
(puc.17).

Puc.17.
Ypasuenne cosx=a. Tak kak —1<cosX<1— 3T0 ypaBHEHHE COSX=4d, IIpU
|a|>1 He umeert pemenus. st HAXOXKICHUsI pelieHus ypaBHenust aiisg —1<a<l
BBEJIEM CJIEIYIOIIIEE ONPEEIICHNUE.

Apkkocunycom yucna a€[—l1; 1] Ha3siBaercsa uncio X€[0; w|, KocuHyc
KOTOpOTO paBeH a: eciau cosXx=a u X€|[0; n], To a=x.

[lIo ompenenenuto, ypaBHeHHE cosX=a B mnpoMexyTtke [0; m| uMmeeT onuH
KOpeHb X=arccosa. Tak kak QpyHKIus Y=COSX yeTHas, TO B mpomMexxyTke [—m;0]
TOKE MMEET OJTHO perieHune x=—arccosa. [lepuoa ¢hyHKIMM paBeH 27, TOATOMY
IS peIICHUs] YPaBHEHHUS COSX=a MOIy4uM (popmyIry

X=zarccosa+2nk, KEZ. )
20w
Ilpumep 5. Beraucnure: 1) arccos7; 2) arccos

Tak kak mo ompexneneHuto, —1<

3 =
arccosT = 5 TouHO Tak e, arccos

VR



V3

Ilpumep 6. Peminte ypaBHeHUE COS X = 5

Ilo ¢popmyne (2) peuienne ypaBHEHHS: X = + arccos§+ 27k, k € Z, HO

3 =n T "
arccosT =5 CrieioBaTeNbHO, PEIEHUE UMEET BU: X = ig +2nk, keZ A

¥
Ya | ya
rd "‘I

B

—I (

et
=¥
=)
E N
s

i

Prc.18. 1. Puc.19. &

Pentenne ypaBHeHUsS cOSX—=a TIOSACHUM Ha CIMHWUYHOH OKPY>KHOCTH
(puc.18). ITo onpenenenuto GyHKIHHM COSX €€ 3HAUEHUEM OyIeT abcircca TOUKH
A, B ennnnyHOi okpyx)HOCTH. [Ipn |a|<1 Takux Touek nBe, T.e. A 1 Ay; pu
a=1 n a=—1 takasg Touka ogHa.

[TpuBOIKMM pelICHHE YPAaBHEHHE COSX=a B YaCTHBIX CIy4YasiX:
npu a=1 perenue X=27nk, KEZ; mpu a=—1 pemenne X=n+27nK, KEZ;

npu a=0 pemeHue X :g+ ik , KEZ.

[Ipumep 7. Pemnre ypaBHEHHE: COS (SX - %) =0.

[To ¢opmyne pemeHusi ypaBHeHHS cOSX=0 MOTyduM: 3X—£=g+nk.

Orcrona, x:£+n—k, keZ ./
4 3

YpaBHeHue tgx=a

JIis pemieHus: 3TOro ypaBHEHHS BBEIEM CIEIYIOIIee OIpeCCHHE.
Apxkmanzencom uucina a€ER HaspiBaeTcs umcio XE€(—m/2;m/2), TaHTEHC
KOTOpPOTO PaBeH yucCiy a: eciau tgXx=a u Xe(—n/2;n/2), To arctga=x.

sin x
Tak xak tgx =

, TO tgX paBeH OTHOILICHUIO OpPANHATHI HAa a0CIIMCCY TOUKH
B (X; y) BenuHHYHOU OKPYKHOCTH (pHC.19), T.c. OHA €CTh TOUKA MEPECCUCHHUSI

HpHMOf/il =a u equHUYHON OKpyx)HOcTH. Ha puc. 19 Takux Touek JBe: TOUKH
X

(=)



B, u B,: [loatomy peuienue ypaBHeHus OyaeT
X=arctga+nn, NEZ. 3)
Ilpumep 8. Beramenure: 1) arctgl;  2) arctg(—+/3).

T T T.T T
1) Tak kak tg—=1u —e| ——;= | , 10 arctgl=—;
) i ( 2 2) s

2) Taxk kax tg(——j:—f u ——e(—g gj, TO arctg(—\/§)=—%.A

Ipumep 9. Peminte ypaBHeHue: tg (X —gj =—/3.
ITo popmyne (3) pemieHue ypaBHeHUs OyIET TAKUM:

X —% =arctg(—/3)+nn. Tak kak arctg(—/3) = —arctg(+/3) = —g , TO

i T T
pellIeHNE YPaBHECHUS: X—E:—§+nn 158105 X=—E+nn, nezZ. M

[TpuBonyM TabaUIy JUIsl MPOCTEUIINX TPUTOHOMETPUYECKUX (DYHKIIMIA:

YpaBHeHue Peenue HexkoTopsie cBolicTBa
sinx=a x=(—1)*arcsin a+ 7k, KEZ. arcsin(—a)=—arcsin a, |a|< 1.
cosx=a X==arccos a+ 2nk, KEZ. arccos(—a)=mn—arccos a, |a|<1.
tgx=a x=arctg a+ 1k, KEZ. arctg(—a)=—arctg a, a€R.

CBoiicTBa, MPUBEICHHBIC B TPETHEM CTOJIOIIE, TO3BOJISIOT HAXOAUTH 3HAYCHUS
aApPKCUHYCOB (ApKKOCHHYCOB, apKTaHI'€HCOB), OTPHUIATEJbHbBIX YHCEN Yepe3 3Ha-
YeHHe apKCUHYCOB TIOJIOKUTEIBHBIX yucel. Hampumep,

arcsin —ﬁ = —arcsinﬁ __I
2 2 4

arccos[—?} - n—arccosg _ 7T =5_T‘,

arctg [—%J = —arctg ﬁ =T

3 6
Ipumep 10. Pemute ypaBHeHue: cos(10x +g) = % .

o 1
BBens o0o3nauenue 10X +§ =2, NOJy4YHMM YypaBHEHHE COSZ = E

Otcroga no ¢opmyne (2) z :i%-i- 2nk, keZ, 1. e. 10X+g:ig+ 2nk vH



Xzi(—EiEJankj, keZ. A
10 8 3

YpaBHeHusi BH/Aa SinX=sina, COSX=CO0sh, tgx=tgC
Pemienust Takux ypaBHEHUN OyIyT COOTBETCTBEHHO:
x=(—1)ka+nk, keZ; x=zb+2an,neZ; x=c+mm, me~Z. @)
Ipumep 11. Pemure ypaBHenue cos (3x—40°) = cos(2X+60°).
ITo popmyne (4) nonyuum ypaBaenune 3x—40°=+(2x+60°)+360°n, neZ.
Otciona Halii€M HEU3BECTHOE X
3x—40°=2x+60°+360°n < x=100°+360°n, neZ;
3x—40°=—2x—60°+360°n, 5x=—20°+360°n < x=—4°+72°n, neZ. A
Ipumep 12. Pemiure ypaBaeHue sin’X+3sinx+2=0.

BBens 0003HaueHUs SinX=2, ©MeeM KBaJpaTHOE ypaBHeHUE Z°+3Z+2=0.
PemuB »To ypaBHenue, Haiinem Z,=—2, z,=—1. OTcCroga 1ojryunum ypaBHEHHS
sinz=—2 u sinx=—1. YpaBHeHue sinz=—2 He UMEET peUICHUs. YpaBHEHUE
sinx=—1 umeer pemenne X=270°+360°k, KEZ. CnenoBatesibHO, peIICHUE
3aJaHHOTO ypaBHEeHHUs OyzeT X=270°+360°k, keZ. A

Bomnpocs! u 3aganus
1. Kak pemraercs ypaBHenue sinx=a ? OObsICHUTE Ha pUMEDPE.
2. Kak pemaercst ypaHenue cosx=a ? [IpuBenure npumep.
3. Kak pemnaetcs ypaBaenue tgx=a ? O0bsICHUTE C TOMOIIbIO TpUMEpA.
4. Naiite onpenenenne yucia arcsin a. OObSICHUTE HA IpUMEpE.
5. JlaiiTe onpenenenne uncia arccos @. OObSICHUTE Ha TIPUMEPE.
6. Jlaiite onpenenenue yucna arctg a. OObsICHUTE Ha IPUMEpE.

.”l "- j\_
/
"'. .

YupaxkHeHus
Beruucnure (130-141):

g

130. 1) arcsin 0; ‘ 2) arcsin%; ‘ 3) arcsin%; ‘4) arcsin (—7 :
131. 1) arcsin {—g]; ‘2) arcsin(—%); ‘ 3) arcsin 1; ‘ 4) arcsin (-1).
132. 1) arccos 0; ‘ 2) arccos[—?} ‘3) arccos %; ‘4) arccos (-1).

2

133. 1) arccos (—%j; ‘2) arccos%; ‘ 3) arccos 1, ‘4) arccos (—TJ

(41]



134.

135.

136.

137.

138.

139.
140.

141.

142.

143.

144.
145. 1) sinx:g; ‘ 2)sinx =1, ‘3)sinx:—7; ‘4)sin2x:—.
146.

147.

1) arctgl, ‘ 2) arctg(—
1) arctg0; ‘ 2) arctg( J§ , ‘3) arctg(-1); ‘4) 7arctg(
1) arcsin 1+arcsin(-1);

1) 4arcsin%—2arcsin[—%} ‘ 2) arcsin[—%j + arcsin(—T .

=

L j; ‘ 3) arctgi;‘ 4) 3arctg(—\/§).

)

&IH

‘ 2) 2arcsin§+ 4arcsin%.

g

1) 2arccos 1+3arccos 0; ‘ 2) 6arccos ? —3arccos [— %] :

1) 2arccos (-1)-3arccos 0; ‘

1) 3arctg/3 + 3arccos%; ‘

1) 2arctg 1+3arcsin

2

2) 2arccos (— g] +4arccos (— - |

2) 3arctg (—%} + 2arccos [—?j
_lj; ‘ 2) 5arctg (—/3) —3arccos(—%}

g

Nmetot nu cmbica Beipaxenus (142—143):

2) arcsin (2—v/15); | 3) arccos (3-v18).

1) arccos (\/§ =3);

1) tg(2arcsin %);

2) arcsin (\/5—2); | 3) tg(3arccos%).

Pemute ypaBuenus (144—161):

1) sin x=—1;
2

2

1) cosx——— ‘ 2) COSX=—

\/’

2)sinx=§; ‘ 3) sinx=—%;‘ 4)sin2x=%.

3

w

2

‘ 3) cos2x=-1; ‘ 4)cos3x =1.

1) cosx:E; ‘ 2) cosx =-1; ‘ 3) c035x=—%; ‘ 4)cos3x = -1.

(42]



148. 1) tgx= —/3; ‘ 2) tgx=1, ‘ 3) tg9x=-1; ‘4)t93x=§.

149. 1) tgx=0; ‘ 2) tgx=2; ‘3)tg6x:—3; ‘4)tg5x:—§.
150. 1)Zcosx+1:0;|2)Zcosx—«@:0;|3)2cosx—\@:0.
151. 1)\/§sinx—1:0;|2)23inx+\/§:0;|3)25inx+\/§=0.
\/_ ‘2) tg4x:—i;‘ 3) cos(—3x):£.

V3 2
153. 1)23|n(2x+ j 2 ‘2)\/_'[9(___) ‘3)2003(___) J3.

152.  1)sin [_ﬁj _N°

n 1 TOX)_ .. X))
154. 1) cos[E—ij 1 ‘Z)tg( Sj_l’ ‘3)ZCOS(€_EJ_\/§'
155. 1)25|n[€——) I‘Z)Zcos(——3xj f‘3)5|n(x+4j 1.

156. 1) (23inx+ﬁ)(sin4x+1)=0; | 2) (2—cosx)(1+3cosx)=0.

157. 1)2sin?x-sinx—-1=0; | 2) 4cos’ x—8cosx—3=0;
3)2sin*x—sinx—6=0; | 4) 2cos® x—cosx—6=0.

158. 1)2sin?x-sinx—1=0; | 2) 4cos’ x—8cosx—3=0;
3)2sin*x—sinx—6=0; | 4) 2cos® x—cosx—6=0.

159. 1)2cos’x-sinx+1=0; | 2) tg°x-3tgx—4=0;
3)4sin?x—cosx—1=0; | 4) tgx—/3tgx+1=+/3.

160.  1)cosx=cos2x; | 2) tg2x=tg3x; |3)sin7x=sin3x; | 4) cos4x = cos5x.
161.  1)sindx=sinx; |2)sin2x=cos3x; | 3) tg10x=tg8x; | 4) sin5x =sin7x.



MPOCTEMIIUE TPUTOHOMETPUYECKUE

62-64 HEPABEHCTBA

HepaBenctBa Buga a, <sinx<b, a,<cosx<b,, a,<tgx <b, Ha3piBatoTCs
OPOCTEUIIIMMH TPUTOHOMETPUYCCKUMHU HEpaBeHCTBaMu. 31ech a,, b,, a,, b,,
a,, b, — 3aganHble neHCTBUTENbHBIC YnCaa. [IpyU pElICHUH TaKuX HEPaBEHCTB
yI0OHO MCIIOJIb30BaTh EAUHUYHBIN KPYT U IPpaduKH QYHKIIHH.

Ilpumep I. Haiinute peliieHue HEpaBEeHCTBA
sinx<0,5 Ha orpeske [0, 27|

PaccmMoTpuM  eIMHMYHONM  OKPY>KHOCTH.
B 3TOM Kpyre HailieM TOYKH, OpAMHATHI KO-
TopbIX paBHbl wiu Mesblie 0,5. M3 puc.20
BUJIHO, YTO BCE€ TOYKU aAyru BDA ypnosnert-
BOPSIIOT BBIIIE HA3BAaHHOE YCIIOBUE. 3HAYUT,

T oM
[0; —} v, {— ; Zn} €CTb pPEIICHNE HEPABCHCTBA.

5
Omeem: X€E [Oig}u[gi 275} A

Ilpumep 2. Haiinute pelieHUE HEpPaBEHCTBA

1
COS X > - Ha oTpeske [0, 2x].

B ennHWYHON OKpPY)XHOCTH HAWJIEM TOYKH,

1
OpAMHATHI KOTOPBIX Oombie — . Kak BUAHO U3

puc.21, Bce touku ayru ACB ynosnerBopsitor
BBIILIEHa3BaHHOE ycioBHe. [109TOMy MHOXKECTBO

T

quCcen [O; gj v, (5?“ ; 21‘C:| OyZeT  pelieHueM

HEepaBEeHCTBA

Omeem: X€ [O; %) U (5?“ : 21‘C:| A

Ilpumep 3. Peminte HepaBeHCTBO tgX<1 Ha MpoOMEKyTKe (—E ; —j .

Puc.20.

Puc.21.

T T

2

Yepes Touky B ennunuHoOM OKpyKHOCTH TpoBeaeM psimyto AB napasnensHo

ocu Oy (puc.22).



[Tpur 5ToM TOuKy A BEIOEpPEM TAKIM 00pa3oM,
410061061710 OB=AB. AAOB—paBHOOEIpEHHBIN
U IIPSIMOYTOJIBHBIN TpEeyroybHUK. IlycTh TOUKA
D — Touka mepeceuenus runoreHys3sl OA ¢
OKPY’KHOCTBIO. M3 pUCyHKa BUJHO, YTO BCE
Touku 1yru DBC ynoBneTBOpSIIOT 3aJaHHOMY
HEPABEHCTBY.

Omeem: X€ —E;E A
2 4
Puc.22.

Ilpumep 4. Pemmnte HEpaBEHCTBO: SIN X < -

[Toctponm rpaduxu pyHKIHI y=sinX u Y = By

Puc.23.

o : 2
Haiiném pemienust ypaBHeHuUs sin X =5 Ha otpeske [0; 2xn]. Kak BuaHO U3
: 2
pUCYHKa, peIlIEHUsIMUA HEpaBeHCTBa SIN X < — Ha otpeske [0; 27| sBisitoTCS

. 3n
OTPE3KH {OZJ " (7;275] W3 neprogryHOCTH (YHKIHUU CIEIYET,

YTO MHOXECTBO I:ZTCH; % + 2nnj U (%Tn-‘_ 2mn; 2n(n +1)} ,NeZ saBageTcd

penteHneM HepaBeHCTBA. Ak
Ilpumep 5. Pemute HEpaBeHCTBO: —2cosx>1.

o 1
Haueptum rpaduku QyHKIMI Y=COSX U y=— 5 Pemenusamu ypaBHeHUs

1 2n  4n
COSX=— 7 Ha OTpe3Kke [0; 27@] siBosIIOTCSE 3 u. 3 CrnenoBarenbHO, pelieHue

27 Arn
HEPaBEHCTBA COCTOUT U3 OTPE3KOB ?+2nn,?+ 2rtn |, neZ A
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Ilpumep 6. Pemiute HepaBeHCTBO 1g X = 3.
N300pasum rpaduku GyHKIud y=1tgX u y= J3 (puc.24). Haitném
peleHne ypaBHeHus tg X = 3 na orpeske [0; mt]. Pemenue 3Toro ypaBHeHus

T .
X = 3 [TosToMy MHOXKECTBO pellleHU HepaBeHCTBa Ha oTpeske [0; m] ecTh

T.m
MIPOMEXKYTOK {EEJ . YuursiBasi, 4To nepuoj GyHKIUU Y=tgX paBeH T,
HalEM BCe pelIeHHs] HEpaBEHCTBA:

{g+nn;g+nnj, neZ A

Puc.24.

Bomnpocs! u 3aganus
7 T )\

Il
= Kak pemiarorcst HEpaBeHCTBA: sjn X > \/§ , COSX > — \/§ , tgx>-1?

YnpaxxHenust
162. PemuTe HEpaBEHCTBO B 33IaHHOM OTPE3KE:

1) sinx>1, xe[0;n]; 2) cosx>£, xe|-L. I
2 2 2 2
3) tgx>—-/3,x€ —E;E ; ‘ 4)cosx>£, Xe —E;E ;
2 2 2 2 2



5) sinxs?, x e[-m;0]; ‘ 6) tgx<%, XE(—%;%);

7) cosx<—£, Xe E;s—TE ; 8)0032x££, Xe E;?’—Tc :
2 2 2 2 2 2
Pemute HepaBencTBO (163-169):
163. 1) sinxzﬁ; 2) cosx<—£ 3) tgx<—i; 4) sinx<—£.
2 2 J3 2
164. 1) sinx>%; 2) tgx>-1; 3) cosxs-%; 4) cosxé%.
165. 1) sin3x<%; 2) sin%<—§; 3) cos§>§; 4) tg3x>1.

166. 1)2cos(2x+§)sﬁ; ‘ 2)J§sin(§+%jzl; ‘ 3)2003(2x—%)>\@.

NE

167. 1) sin2xcos§—c052xsin§£7; ‘2) 23in2xc032x2%.

3

168. 1) sinﬁcos3x+cosﬁsin3x<£; 2) c0sZcos 2X —sin 2xsin— < - Y2
4 4 2 4 4 2

169. 1) cos[1+1j2£; ‘ 2) sin(5—2j<£; ‘ 3) cos(l—ﬁjzﬁ.
2 2 4 2 3 2

Oo0pasen KOHTPOJBLHOM PA0dOTHI
Pemure ypaBHenus (1-4):

1. sin3x=0. 2. 4cosbx=—2+/3.

3. 5 tgdx=3. 4. Stg’x—4tgx—1=0.
Pemmte HepaBeHcTBa Ha otpeske X€ [0; ] (5-6):

5. sinx>%. 6. tgx<-1.



68 ITPEOBPA3OBAHUSA ' PAOUKOB

CnBur

ITycts | — yucnosas ock u Touka O — Hauaso0 oTcyéra B Heit (puc.25). [TycTh
Kaxkaas Todyka | cieuraercs Ha @ eguHUI, mpu 3ToM eciu a>0, TO CIBHT
coBepIIaeTcss B MOJOXKUTEIbHOM HaNpaBleHUU (B HaANpaBJICHUU
ocu). Ecnmn a<0, To caBUT BBIOIHAETCS B IPOTHBOIOIOKHOM HAIPaBJICHHUH.
ITpu a=0 touku He casuratorcs. Eciu Touka A=A(X) ¢ KOOPIUHATON X ITpH
CIBUIC Ha @ CIMHUI] Iepemnia Ha Touky A (X,), TO KoopauHaTa TOYKH A,
onpexaensercs Gopmyrnoi X,=x+a. Touka A Ha3bpIBaeTCsS MPOOOPA30M TOUKH
A,, a Touka A, 00pa3oM Touku A mpu CIBUTE HA & €IUHHIL

Puc. 25.
Pacrskenue

[Tycts Touka B(X) B umcnoBoit ocu | ynanena or vauyana koopaunat O B
k pa3 u nepesenena B Touky B,(X). Koopaunara Touku B, Berumcisercs
no ¢opmyse X,=kx. Eciu k>0, To Touku B, u B nexar no ofgHy CTOpOHY OT
touku O, a mpu K<O Touku B, u B yiexar mo pasubie CTOPOHBI OT TOukH O.
Ecnu |k|<1 (puc.26.), To orpe3ok OB cokpamaercs B Kk pa3: eciu |K|>1, To
otpe3ok OB pactsruBaetcs B K pas. [Ipu k=1 touku B u B, coBnamator, npu
k=—1 oHM pacmoyIOKATCA CHMMETPUIHO OTHOCUTEITBHO TOUYKHU O.

0 B B ;'- 0 B B !
0 . 0 >
f<k<1l Puc26. k>1 Punc27
IIapaJjiieJIbHBIN NTEPEeHoC
[Ipu napannenbHOM IEPEHOCE BCE TOYKU B 4.
KoopauHATHOM miockocT X Oy mepeHocsTcs ' MY’ y')

B OJJMHAKOBOM HATPABJICHUH U HA OJIMHAKOBOEC SRR
pacctosame (puc.28). Tak, ecau HagyaIo KOOp-

aurat O (0; 0) mepeneceno B Touky N(a; b), To ‘ i Mix:y) E

touka M (X; y) mepeHocutcs B Touky M'(X'; y'). bho..t  N@b) |

Hns koopaunar Touku M' (X'; y') ciipaBeniu- /:/' 1 5. X

BHI ciefytomue GopMyasl: X' =x+a, y'=y+b. ~ o] a4 g
Puc.28.
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IIpeoOpa3oBanue rpaduka GyHKUMHU
[IpuBenenHsle BhIlIe TPeoOpa3oBaHus (CIBUT, paCTsKEHUE, apaIeIbHbIH

HIEPEHOC) TIO3BOJISAIOT MOCTPOUTH Tpaduku pyHkimi y=f(x—a)+h, y=m- f (Ej

(rme a, b, m, k—nocrostaabIe yncna u m#0, k#0) ¢ momonipio rpaduka QyHKIIUHA
y=f(x).

Hanpumep, uto6b1 moctpouts rpaduk dyHkiun Y=f(x—a)+h ¢ momorsio rpaduka
¢bynkimu y=f(X), kaxxnas Touka rpaduka y=f(X) caBuraercs BIpaBo Ha & SAMHHIL U
MOAHUMAETCSI Ha D eIMHHUI] BBEPX, T.€. IEPEHOCKHTCS TApasLIeIbHO BEKTOPY (&; b).

X
Y10o0Bl MOCTPOUTH rpaduk pyHkuu y=m- f EJCHOMOH_[BIOI‘pa(bI/IKa

byukuun y=f(X) abcuucca kaxmoit Touku rpaduka pyukmun y=Ff(X) mo ocu
Ox Bk pa3 cxxumaercs (eciu K>0 Brpaso, eciiu k>0, To BieBo), a e€ opauHara
o ocu Oy pactsaruBaercs Ha M eauHuUI (ecim M>0, To BBepX, ecmu M<0, TO
BHU3).

Ilpumep 1. C momomisto rpaduka GyHKIIHU Y=3X MOCTpoiiTe rpaduk
bynkuu y=3(x-1)+4.

Yrobsr mocTpouth rpadpux pynkmuu y=3(Xx—1)+4, rpaduxk byHKIIUU
y=3X mapasuienbHo nepenocurcs Ha Bekrop (1;4). A

Ilpumep 2. Tloctpoiite rpaduk pynkumm y=-2(X+3)+5 ¢ moMmomniso
rpaduka GpyHkuuu y=-2X+4.

Urob6sr mocTpouth rpadux ynkmum y=-2(X+3)+5 rpaduk dbyHKIHIN
y=-2X+4 napaiienbHo nepeHocutcs Ha BekTop (3;1). A

Ipumep 3. Tloctpoiite rpaduk pyHkimn y=2—(X+3)?, mOIb3ysACh rpaduKOM
apabosIsl Y =X2.

Yr00BI MOCTPOUTH rpaduk GyHKIHH y=2—(X+3)?, rpaduk GyHKIHHI Y=X> CHaYaIa
CIIBUTAeTCs HA 3 €IUHMUIIBI BIEBO M CHMMETPUYHO TIEPEHOCUTCS] OTHOCUTETIBHO OCH
Ox. Ilocne aToro nomy4deHHb rpaduk nogauMaetcs mo ocu Oy Ha 2 eTUHUIIBI
BBEpX. A

Ilpumep 4. octpoiite rpaduk GyHKIHUU Y=Ssin2X C MOMOIIbIO Trpaduka
byHKIHH Y =Ssinx.

Uro6s1 mocTpouTh rpaduk PyHKIUM Y=sin2X, abcuucca Kax10i TOYKU
rpaduka QyHKIME Y =SsinX cKHMaeTcs AByKpaTHO 1o ock OX BrpaBo. A

T
Ilpumep 5. Toctpoiite rpadpux Gynkuuu Y =-2 COS(ZX —Z) C MOMOIIBIO
rpaguka QyHKIIUU Y= COSX.
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UYroOel moctpouth rpadpuk  yHKIMH Yy =-2 cos(Zx —%) U

T
y=-2 COSZ(X ~g |> cHatama rpa@uk QyHKIMM Y=COSX CIBHUIaeTCsl BIIPaBO

Ha T, [0TOM ero aGCLycChl CKIMAIOTCS BIIPABO B 2 Pasa 1 OPIMHATHI PACTATHBAITCA
BBEpX B 2 paza. [ToToM nonmydeHHbI# rpadiik CHMMETPUYHO riepeHocHTCs 1o ock OX. A
Ipumep 6. Ioctpoiite rpaduk pyukmun Y=f(x—2)+3, moas3ysics rpapuKom

¢byukiuu y=f(X).
st noctpoenust rpapuka pyukiun y=Ff(x—2)+3 kaxmas Touka rpaduka
dynxmun y=f(X) mapamnensHo nepesocutcs Ha BekTop (2;3) (puc.29). A

Puc.29. A
Ilpumep 7. C nomompto rpaduka ¢pyukmuu Y=F(X) (puc.30) mocrpoiite
rpaduk pyskmum y=3f(2X) (cnyuait m=3, k= % ).

I'paduk dpyuxmuu y=Ff(X) mo ocu OX cxumaercst B 2 pa3a u 1o ocu Qy
pacTsruBaeTcs BBepX B 3 pasa (puc.31). A

Puc.30. Puc.31.

_ Bomnpocs! u 3a1anus
(?) 1. Yro Takoe caBur? A pactshkeHHe? A mapaliielbHbIA TIepeHoc?

[TpuBenute npumepsl.



2. C nomompio rpaduka GyHKIIUHA Y=SinX MOCTPOUTE Tpaduk

Gysknuu Y =-sin X—g
YupaxHeHust

170. C nomomsio rpaduka ¢yHkmuu Y=f(X)=x>—2x+3 mnocrpoiite
rpaguKu CAeTYIOMUX (yHKIIHIA:

Dy=f(x)+L 2)y =3f(x); 3)y=3f(x)-2;
4)yy=f(x-1)+L | 5)y=2f(x+1)+] 6)y:f(§];
7)y:%f(2x); 8)y=f(2x)-3; 9)y=2f(2x)-5.

171. C nomombio rpaduka ¢ynknuun Yy=Ff(X)=x>-5x+6 mocrpoiite
rpaduKH CASTYIOMUX (YHKITHIHA:

Dy=f(x-1); 2)y=f(§j; 3)y = f(2x); 4)y:3f(§j+1;
5)y=—f(x); | 6)y=2f(x)=3|7)y=—1(-x); | 8)y=2f (x+1)+5.

172. C nmomompbio rpaduka (GyHKIHH Y=COSX TOCTPOHTE TpaduKu
clenyrmux QyHKITUI:
1) y=cosx-1; 2) y=2c0Sx+1

3) y=—cos[x+gj; 4) y=3cos(2x—gj.

FPA®UKHU MPOCTHIX ®YHKIUIA, 3AJTAHHBIX
69-70 . B HIAPAMETPUYECKOM BUJE

[TycTs KOOpAMHATHI (X; Y) MaTepuaIbHON TOYKH 3aBHCAT OT mapameTpa t:
X=0(t), y=y(t). Kakum 6yznet muoxectBo Touek (¢(t), y(t)) mpu uamenenuu
t B HEKOTOpPOM MpOMEeXyTkKe [? DTO MHOXKECTBO Ha3bIBACM 2paghukom
@yHKYUU, 3a0aHHOU 8 napamempuieckom guoe.

Ilpumep 1. KoopnuHaTsl MaTepUaibHON TOYKH 3a/IaHbl B TApaMETPUUECKOM

x=3t+1,
BUJIC { Haitgure nuauioo (mpaekmopuro) MaTepuaibHOU TOYKH,

y=5t+8"
HAYEPUYCHHYIO 3TOM MaTEPHUATBHON TOUKON B TEUEHUE JIBUKECHHUSI.
.. x—1 y-8
N3 ypaBHeHuli HaiiieM napamerp: t=—— u t=—.
. S x-1 y-8
N3 mony4yeHHBIX BBIPAXEHUM IIOJyYUM YypPaBHEHHUE 3 5 Otcrona
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Sx—5=3y—24 unu 5x—3y+19=0. D10 ypaBHEHHE NPAMOI JTUHUHU.

19
CrnenoBarenbHO, nckoMasi yHKIUS 3Yy=5X+19 nim Y = 3 X+ 3
5 19
Omeem: Y =—X+—. M
3 3
ITpumep 2. Kakoir nuHuenr 0ynet rpaduk GyHKIHH, 3aTaHHOU B
X =3+5sint, )
napaMeTPHUECKOM BHIC: y=—7+5cost
. X—3 y+7
W3 3a1aHHBIX paBEHCTB MOIyYuM: SNt = = cost = =
Hcmone3yss  TokaecTBO  sin’t+C0S’t=1, mpuaeM K  ypaBHEHHIO

2 2
(x;3) +(y;7] =1. Orcioma, (x—3)>+(y+7)?=25. D10 ypaBHeHHe

OKPY’KHOCTH ¢ ieHTpoM (3; —7) u paanycom r=5. M
Ilpumep 3. KoopnuHaThl MaTepuaibHONM TOYKH U3MEHSIFOTCS 1O 3aKOHY X=7 t
>+1 u y=3t. Onpenenure 3aBUCUMOCTb MEX1y X U Y mipu 0.

x—1
N3 3amaHHBIX 3aKOHOMEpHOCTEW Haiigem t: U= T, t= § N3 »tux
x-1
BBIPAXCHUU TPUAEM K yPABHEHUIO: %= - Otcrona HaiiieM (QyHKIHIO
x-1 x—1
y=3 - CnenoBaTelibHO, HCKOMast QyHKIHS Y = 3, ’T . A
ITpumep 4. Kaxoit nunueit Oynetr rpadux pyHKIUU, 3aJaHHON B
X =4sint, 0 5o
ImapaMeTpuuYeCKOM BU/JIE: rme 0<t<2m?
P p & y = 3cost Ae U=t y
W3 nanHbBIX paBEHCTB HAAEM sint = Z h Cost = 5 [Tonb3ysch TOXKIECTBOM

2 2
sin’t+C0S’t=1, moay4uM ypaBHEHHE (%)2 + (%)2 =1 wmm ;(_6 + y? =1 . MHOXecTBO

TOYEK, 3aJJaHHOE STHM yPaBHECHUEM, HA3bIBACTCS 2LIUNCOM C ICHTPOM B Havajie
KOOpAMHAT U ¢ nonyocsimu a=4, b=3. M

[TpuBenuTe npuMeps! PyHKINH, 33JaHHBIX B TApaMETPHUIECKOM BH/IE.

(O Bonpocs! v 3axanus



YupaxkHeHus
173. KoopauHaThel MaTepraibHON TOYKH 3a/1aHbl B TapaMeTpuyeckoi hopMme.
Haiinute ¢opmyny nuHUM (TPaeKTOPUU MAaTEpUATBHOW TOYKH),
HAuEepYEHHOW INpPU JBUKECHUM ITOM MaTepuanabHOM Touku. Haueprure
COOTBETCTBYIOIIUN PUCYHOK:
X=2t+1, X=6t+4, X=4t+9, x=12t+11,
{y:4t+8; {y:9t+3; {y=7t+18; {y=15t+18.
174. KoopauHaTel MaTepuaabHONW TOYKM 3aJaHbl B TTAPAMETPUUYECKOM BHUJIE.
Haiinure 3aBUCMMOCTD MEX Iy KOOpAUHATAMU X U Y:
) {x =17t% +1, 2 {x = 2712 + 21, 3 {x =37t 431, 2 {x = 47t% + 41,
y =13t; y =23t y =33t; y =43t.

175. W3 xaxoil TMHUU COCTOUT Tpaduk (yHKIINH, 3aJaHHOH B IapaMeTpu-
yeckoM Bujie? HauepTure cOOTBETCTBYIOIIMI PUCYHOK:

X = 7sint, X =sint, X =5sint, X =9sint,
1) yy=7cost, | 2)yY=cost, 3)q4y=5cost, | 4)Jy=09cost,
0<t<2x; 0<t<2m; 0<t<2m; 0<t<2m.

176. U3 xakoii nuHUM COCTOUT rpaduk GyHKINH, 3a1JaHHON B TapaMeTpHuyec-
KoM Bujie? HauepTuTe COOTBETCTBYIOIIUN PUCYHOK:

X=6sint+3, X =3sint, X=2sint-3,
1) Jy=6cost+7, 2) yy=3cost -1, 3) yy =2cost+7,
0<t<2x; 0<t<2x; 0<t<2m.

71 ITOKA3SATEJIbHASA ®YHKIUA U EE I'PAPUK

Crenennb U ee CBOMCTBA
Crenedp ¢ JEUCTBUTENBHBIM  YHCJIOBBIM  [OKasaTelaeM  o0Jagaer
cienymoomumu ceorcteamu (a>0, a#l):

1) a*-a¥y=a*"y; 2) axa¥=a*"7; 3) (a¥)y=a*V;
4) (a-b)*=ax-b; 5) (ij _a
b b

6) eciu 0<a<b u x>0, To a*<b*; 7) ecin 0<a<b u x<0, To a*>b*;

9) ecnu X<y u 0<a<l, To a*>a’.

8) ecmu X<y m a>1, To a*<a’;
Ipumep 1. CpaBHUTE: 28y 33,
Tak kak 0<2<3 u —/3 <0, To 1o cBoifctBy 7 umeem 2° >33 A
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1 0,2 1 0,3
Ilpumep 2. CpaBHHUTE: (Ej u [Ej .

1 1 0,2 1 0,3
Tak kax 0,2<0,3u 0< E <1, TO 10 CBOMCTBY 9 uMeeM: [E) > (Ej . A
IMoka3areabHas GyHKUUA U ee CBOWCTBA

dyukuus Buga f(x)=a*, a>0, a#l Has3bIBaeTCA NOKA3AMENLHOU
¢yurkyueu. Jlannas QyHKIUs 06anaeT caeayonuMi CBOMCTBAMH.
1) OGmacth onpenenaeHus MPOMEXKYTOK (—oo; +00);
2) O6nacTp 3HaueHUM MPpoMekyToK (0; +o0);
3) st Becex a(a>0, a#1) cnpaBemiuBo a’=1;
4) Ecnu a>1, to ¢pyHKIMS BO3pacTaronias;
5) Ecnu 0<a<l, To pyHKIMs yOBIBaromasi.
B crnenyromux prcyHkax npuseneHbl rpaduku pynkiuu f(x)=ax.

Bomnpocs! u 3aganus
1. Pacckaxkute 0 CBOMCTBAaX CTENEHU C IEUCTBUTEIbHBIM YUCIIOBBIM
nokasaresuem. [IpuBenure npuMepsl.
2. PacckaxkuTe 0 CBOWCTBaX MOKa3aTeIbHON (DyHKITUH.

o
N
( )

YupaxHenus
177. Brruucnure:

N
2 7
1)[(J§) j . 29730 g (2%) 75 pariraeot

4 NG
178. D2® uz 2) 4% y @j 3) (%) u 1.

-2 -2 2 2
179. 1) 37y 1; 2) (%) u (%) ; 3) (%) u (%) .

180. Omnpenenute, Bo3pacTatoT wiH yobiBaroT ¢pyHkiun (180-182):

1) y=4% 2) y=-3% 3) y=5-2 4)y:—(%j +1?

Cpasnure (178-179):



8. Dy=\E y=(p 9y=) 9y=(ED"

182, 1)y-(3-1>  2y=(10-2%  3y=(r-v2) -3

HEMOCPEJACTBEHHO PEIIIAEMBIE
72-74 [1OKA3ATEJBLHBIE HE PABEHCTBA

HepaBenctBo Buaa a'™@>a%x, a>0, a#l
Hepasencteo a'®>a%%, a>0, a#1 aBaseTCs MPUMEPOM ITOKA3ATETLHOTO
HEpPaBEHCTBA. OJTO HEPABEHCTBO MNpH a>l paBHOCUJIBLHO HEPABEHCTBY
f(x)>g(x), a mpu 0<a<l paBHOocuibHO HepaBeHCTBY f(X)<g(X).

Ilpumep 1. Pemnte HEpaBEHCTBO 3*+°>3275%,

[Mockonbky a=3>1, 3aJaHHOE HEPABEHCTBO PABHOCHIIBHO HEPABEHCTBY
X+5>2-5x. Orcroma Haxogum, uto 6x>—3 wuam x>—0,5. CnenoBaTeibHO,
pelleHre HEPaBEHCTBA COCTOUT U3 IpoMexkyTKa (—0,5; ).

Omeem: XE(—0,5; ). M

IIpumep 2. Pemure HepaBeHCTBO 2:3*+2—2.3**1-5.3*<63,

3* BeiHeceM 3a ckoOku: 3%*(2:32—2:3-5:1)<63. VYopocTuB, MNOIy4YUM
HepaBeHCTBO 3*<9. Otciona X<2. Omeem: XE(—w; 2). M

IIpunep 3. Pemnte nepaserctso 8% 0 > 82+

[Tockombky ~ @=8>1, TO  HEPaBEHCTBO  pABHOCWJILHO  HEPAaBEHCTBY
5X?—46>2(x*+1). Pemmum »3T0 HepaBeHCTBO: 3X*>48, orcioma X*>16.
C1e/10BaTeNbHO, PeIICHHE 3a[aHHOT0 HepaBeHCTBa XE (—o0; —4]U[4; +o0). M
OueBHIHO, YTO pelieHus: HepaBeHcTBa a*<b (a>0, a#l) npu b<0 Her u
pelienne HepaBeHcTBa a*>b pu b>0 cocrout u3 oTpeska (—oo;+00).

Ilpumep 4. Pemnute HepaBeHCTBO 4*+2*—6>0.

BBenem 3ameny nepemeHHo: 2*=t, B pe3yJbTaTe NOIyYUTCA KBaIpPaTHOE
HepaBeHCTBO (*+¢/—6>0. Otcroma Haimem, uto (<—3, (>2 W UpuIeM K
HepaBeHCTBaM: 2*>2 2*<-3. /3 nepBOro HepaBeHCTBA HAXOIUM pELIeHUE X>1,
a y BTOPOIro HEpaBeHCTBA HET pemieHus. ClieqoBaTenbHo, pelieHrne 3a1aHHOIO
HEPABEHCTBA COCTOUT M3 MPOMEXKYTKa [1; +00;) Omeem: XE[1; +0). M

N Bomnpocs! u 3apanus
) ) || daitre cBenenus o HepaBeHCTBY a'®W>a9™  a>0, a#1. [IpuBeaure
| mpumep.
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YupaxkHeHus
Pemure HepaBenctBo (183-184):

183. 1) 43x+5§43—5x; 2) 74x+5<79—5x; 3) 6X+5>63%, 4) 8X+5§82_5X;
5) 11x<1 12+5x; 6) 2x75>225x; 7) 2'2X+2_3'2X+1—5'2X§_6;
8) 3.5x*3—-5x*2—2.5x+1<68; 9) 2:4**2+4**1—-5.4%<31;
10) 2742 =2.7+1-14.7<10, 11) 13°+46 <13 +25x.
12) 374 < 3. 13) 724 < 730% 0

184. 1)9*+3*—6<84; 2) 25*+5*=30>0;
3)5:4*+2*-6<0; 4) 9*+3*—12>0.

Oobpa3zen KOHTPOJILHOI PadoThI

X =7sin5t,

y =7Cc0os5t.
2. Hanumwure cBoiictBa pynkumuu y=11*+7.
Pemnre HepaBencta (3-5):

17x 54-x
3. 6*2‘7X‘1<67, 4, (EJ z(lj _ 5. 0,77%<1.

1. Tlocrpoiite rpaguk pyHKIUM BUIa {

2 2

MOHSITUE O JIOTAPU®PME. JIOTAPUOMHUYECKA S
®YHKIUSA. TPOCTEUIINE JIOTAPUGMUUYECKUE
75-78 @ YPABHEHUS U HEPABEHCTBA

ITonsiTue o Jorapugme
Kopenp ypaBHeHust 2*=32 ecTb X=5, HO KaK HaXOOUTCS KOPEHb ypPaBHEHUS
2*=30? [ns peuieHus NoAOOHBIX YpaBHEHUH BBOAUTCS MOHATHE Jorapupma yucia.
Vpasuenue 2*=30 umeem edurncmeennoe peurerue. Ero MoXHO yBUIETh Ha puc. 32.
OTOT KOpeHb Ha3bIBAETCA JIOTApUPMOM
yycia 30 o ocCHOBaHUIO 2 1 0003HAYaEeTCs
tak: log,30. CrnemoBaTenbHO, KOpPEHb
ypaBHeHus 2*=30 ecTb uncio X=log,30.
Beenewm cnenyroiee onpenencHue:
Jlorapupmom wuymcma b mo maHHOMY
OCHOBaHMIO a HAa3bIBACTCs II0OKa3aTellb
CTENIEHW, B KOTOPYK0 HaJI0 BO3BECTHU
OCHOBAaHUE a, 4YTOObI MOMYYUTh  YHCIIO
b. O6oznawaercs Tak: log,h. OcHoBaHue
JIOJDKHO YIOBIETBOPATH ycnosue a>0 u aZl. Puc.32.



Hanpuwmep, log;9=2, tak kak 9=32 Taxxe, log, % =-3; log;5=1; log,1=0.
Ilpumep 1. Beraucnure: log,81.
Tak kak 3*=81, mo onpenenennio norapudma log,81=4. A
CaoiicTBa Jorapugma
* OcHoBHOE JiorapuMuyeckoe ToxaecTBo: eciu a>0, a#l, b>0, To
CIIPaBEINBO PAaBEHCTBO: a°%° =b;
* Ecmm a>0, a#1, o log,1=0; log,a=1;
* Eciu a>0, a#1 u x>0, y>0, o log,(xy)=log, x+log, y;
* Eciu a>0, a#1 u x>0, y>0, to |oga§ = |()ga )(_|oga1 ys

* Ecim a>0, a#1, x>0, o log, X" =n-log, X ;

* @opmyna mnepexoga K HOBOMY OCHOBAaHMIO (OT OJHOIO OCHOBAHUS K
log,, x

log,a’

apyromy): ecnu a>0, a#1, x>0, b>0, b#1, o log, x=
* Ecmm a>0, a#1, b>0, b#1, o log,b-log,a=1.

[TpunsTe! o6o3Hauenus: log,,Xx=Igx u log.x=InXx (e=2,718281...).
3nech 1gX Ha3pIBaeTCs AECATUUHBIM JorapuMoMm X, a InX - HaTypasibHBIM
norapupmom X. @yuknus f(x)=log,x (rme X — apryment, a a>0, a#l)
Ha3bIBACTCS 102apugmuyeckou (hyHkyueti ¢ OCHOBAaHHEM a.
CBoiicTBa Jiorapupmuveckoi GyHKIUM:
* o0sacTh onpeneneHus: npomexxkyTok (0; +o);
* o0macTh 3HaYeHUI: R=(—00; +00);
* ee Hysb: X=1, T.e. log,1=0.
e ecnu a>1, to morapudmudeckast GyHKIIHS BO3pacTaeT Ha MPOMEKYTKE
(05 +o0);
* eciu 0<a<l, To norapudmudeckas GpyHkuus yobiBaeT Ha mpomesxyTke (0;+00).
Ilpumep 2. CpaBHUTE: Ioglé u0.
2

1
log, 1=0, ocHoBaHue a= 2 T.e. pynkuus yoOwiBatromas. M3 0< % <lm
2

1
0< % <1 cnenyer log, 1 > log, 1. CnenoBarensHo, l0g, 3 >0 .4
2 2 2

2
. X°—5X+6
IIpumep 3. Haitnure obnacts onpenenenus pyukiuu f (X) =log, 1
X —
OO6macTh onpeneneHus ATou JTorapuMuIeckoi GyHKIIUN €CTh MHOXKECTBO

x> —5X+6
x-1

BCEX 3HAUYCHUU X, YAOBJICTBOPSIOMINX HEPABEHCTBO >0. Pemus 310
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HEPaBEHCTBO, HaliEM 06macTh onpenenenns GyHkuu: X € (1;2) U (3;+0) . M

Ha puc. 33 u 34 rpaduku dynkuuit y=a* u y=log,x (s ciydaeB a>1 u
0<a<l) u3o0paxeHbl BMECTE.

y=log, x y7Ioox

Puc.33. Puc.34.
Ilpumep 4. Cpasuure: log, 2+1og,8 u log,(2+8).
Bocnonbsyemes cBoiictBamu norapugma: log,; 2+ 1og, 8 = log,(2-8) = log, 16;
log,(2+8) =10g,10 . Tak kak ocHoBanwue norapudma 3>1, To log,16 > log,10.
Ortciona: log, 2 +log, 8> log,(2+8) .4\

logg 125 1—1I0g34
Ipumep 5. Berauciaure: A=4"%"" 4273 2

Bocronb3yemcs cBoiicTBamu sorapudma: > log, 4 =log, 2;

log, 125 = log,125 _ 3log, 5 _log, 5 41008125 _ 410025 _ 9210025 _ 9logz25 _ o5

log, 8 3
L EI0g34 1. logs 2 1 — loga 2
Taxxe , 273 2 =278 —073.97 ~l0932_
1
_ 3‘3—3I0932 :3'3|093§ — 31:§ CJ'ICI[OB&TGJ’II)HO, A= 25+§ _ 25§ ;ih‘:x
8 8 8 8
Ig 54+Ig1
Ilpumep 6. Berancnure: "2
lg72—-1g8

Bocronb3yemcst cBoiicTBamu sorapudma:

Ig54+|g%:Ig(54%):I927: lg3® =3Ig3,

|g72—|98=|g%=|g9=|gs2 =2lg3.



1
IgS4+IgE ) 31g3 _E

" lg72-1g8 2Ig3 2
IIpocreiiinee JorapupmMmmuyeckoe ypaBHeHHe
VYpasHenue Buna log,x=b (@>0, a#1, b — gelicTBUTEIIEHOE YHCII0) MOYKHO

Ha3BaThb Hpocmeuwum ao2apupmuieckum ypasneHuem. EauHCTBEHHOE
peleHne ypaBHeHus: X=aP.

Torma Omeem: ; A

Ipumep 7. Pemuute ypaBaenue: log, X :% .

1
[To onpenenenuto norapudma, pemienue: X =32 = V3. Omeem: X = V3. A

Ilpumep 8. Pemnre ypaBuenue: log, 16 =2 .
ITo onpeneneuuto norapudma, X>=16 u x>0, X#£1. CienoBarenbHO, pelieHUe
ypasuenns: x=4. Omeem: x=4. M

IIpumep 9. Pemnre ypasuenue: log,(x* —5x+10) = 4.

Io onpenenenuo norapudma MOITydnuM ypaBHeHHe X> —5x+10=2".
PemiB xBagpaTHOE ypaBHEHUE, HalieM KOpHU: X,=—1, X,=6. CrieoBaTenbHO,
pemieHue ypaBHeHus: {—1; 6}. Omeem: x=—1, X=6.

Ilpumep 10. Pemnte ypaBHenue: 1g(2x—3) =Ig(x-1).

Ilo ompenenenuto mnorapudma momkHO OBITE 2X—3>0, X>1. OO6nacth

3 .
OIpezieNieHUs YPAaBHEHUS €CTh MPOMEXYTOK X > 5 [lo cBoiicTBy norapugpma
noJiyuuM ypasBHeHue: 2x—3=x—1, oTctoga X=2. ITOT KOpEHb MPUHAIJICKUT

obnactu onpenenenusi. Omeem: x=2. A

Ilpumep 11. Peminte ypaBuenue: log, (Xx+2)=2.

Haiinem oGnacth ompenenenust ypaBHeHUs:: X+2>0 x>0, X#1, T.e. ypaBHEHUE
omnpezaeneHo Ha mHOXkecTBe (0;1) U (1; ). [To onpenenenuto orapudma moryqum
ypaBHeHHe X+2=X’. PemuB 3T0 KBaJpaTHOE ypaBHEHHE, HaiijaeM KOpHH: X,=—1,
X,=2. U3 3TUX KOpHEW TONBKO X,=2 HPUHAMJIEKUT 00aacTu onpeneneHus. U
TI03TOMY OH SIBJIA€TCS PEIICHNEM 3a/1aHoro ypaBHerus. Omeem: X=2. A

[Ipumep 12. Pemnte ypasrenue: logs x—5log, x+6 = 0.

Beenst oOo3nauenme t=l0g,X, moIyuuM KBaJapaTHOE YpaBHEHHE
t>-5t+6=0. PemuB ero, Haxoaum kopHU t=2 u t=3. [loncTamisis 3TH KOPHHU B
t=log,X, monyuum paBencTBa: log;x=2 u log,x=3. PemieHus 3Tux ypaBHCHUI
COOTBETCTBEHHO 9 1 27. Omeem: X=9, x=27. M
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IIpocTeiinee JjorapupMmuyeckoe HEPAaBEHCTBO
HepagenctBo Buna log x>b (@>0, a#1, b — nelictBuTenbsHoe uncio) Oyaem
Ha3bIBATb NPOCMEUUUM T102APUPMULECKUM HEPABEHCBOM.
Ilpumep 13. Pemure HepaBeHcTBO log, (3—X) > —3.
2
JomxHo ObITh 3—X>0. 13 —3 =log, 8 umeem log, (3—X) >log, 8. Tak kak oc-

1 2 2 2
HOBaHHUE a = E <1, norapudpmudeckas QyHKIHs yObIBaIOIIasi, CISIOBATEIBHO,

3-x<8 n 0<3-x<8. Orcrona —3<—-X<5 wiau —5<x<3. Omeem: X€(-5; 3). M
Ilpumep 14. Pemute HepaBeHcTBO Ig(X+1) <Ig(2x-3).
W3 cBoiicTB norapudmMuyeckoil GyHKIUHU MOTYIUM CISTYIONIYIO CUCTEMY

HCPABCHCTB!
X+1<2x-3, X>4,
X+1>0, UM < X > -1,
2x-3>0 x>§.

Pellienye 3TOi CHCTEMBI €CTh MPOMEKYTOK (4; +00). Omeem: X€(4; +x). M
Ilpumep 15. Permute HepaBEeHCTBO Iogi x—9<0.
2
[lo ompenenenuto norapupmuyeckod (yHKIUU AOHKHO ObITH X>0.
Beemem o6osnauenms t=109; X. Torma momyumm nepasenctBo t2—9<0.

2
PemnB ero, moinyunm —3<t<3, T.e. HepaBeHcTBa —3<log, x<3. Tak kak

1 1
-3=log, 8; 3=log, =, 1o log,8<log, x<log, =. OcnoBanue a=1<1, To-
2 28 2 2 28 2

sToMy, (yHKuMs Y =Il0g, X yObIBaromas, CiI€AOBATENIbHO, JODKHO OBIThH
2

< x<8- Omeem: XE[%;S]. A

|-

Bonipocs! v 3axanus

1. Jlatite onpenenenue sorapudma. [IpuBeanre mpumep.

2. UznoxwuTte cBoiicTa jorapupma. OObICHUTE HA TTPUMEPE.

3. V3noxwuTe cBOCTBA JorapupMudeckux QyHKITHAMN.

4. Yro Takoe rmpocTeiiee JorapupMuIecKoe ypaBHEHHE U KaK OHO peraeTcs?

\ J



5. Urto Takoe mpocreiiee JorapupMUIecKoe HEPAaBEHCTBO U KaK OHO
pemaercs?

YunpaxHenus

185.

186.

187.

188.

189.

190.

Briaucnure:

1) log. 125; ‘2) log, 9; ‘3) log; 0,04; ‘ 4) |og0,11000;‘5) Iog32—17.
3

CpasHure:

1) log,3 u log,5; ‘2)

:2323 u log 4, ‘3) log,3 u log, 5;

2 2 2
4)log,3 u 1 ‘5) log;2+10g;5 u log,(2+5); ‘6) Iog7% u O.

Beruunciure:

l) 1’5|091,52; ‘ 2) eln5; ‘ 3) 23|ng5; ‘ 4) 32+Iog35; ‘5) 7—2Iog76;

6) 3*'09s4 ‘ 7) log, 2+ log, 18; ‘ 8) Ig25+1g4; ‘9) Iog3g+loggé;
lg2+1g162
2lg3+1g2’
Haitnure obnacts onpenenenust GyHKIUM:

1)y =log;(2x-5); | 2) y=log,(x* ~2x~3); | 3)y =logs(4—x?).
x—1
X+2

‘ In64

.
10 11) log, 7-log, —; 12)——.
) | 11)log, 7~ log, - et

4)y =log, (x* —2x+1); | 5) y=log 5(3-x); | 6)y=log,

Haueprure rpapuk dpynkiuu:
1)y =log, x; | 2) y=log, X; | 3)y =log,(x-1); | 4) y =—log, x.
3

PemiTe ypaBHEHUS:
Dlog,x=-5; | 2)logzx=0; | 3)log, x=-2;, | 4)log,128=7,

2
1. : .
5) Ioggx:E, | 6) log 27 =3; | 7) log; x =5;
8) log,(x—5) = log, (4x+1); | 9)log, x=-2; | 10) logs(3—2x) = log, X;

2 5
11)log, 3x—6) =—2; | 12) log,(x+1)+log,(8—x) =3; | 13) log,5=2;
3

“



14) Ig(x* +x-10)—Ig(x—3) =1, | 15) log?x — log, x =2;

16) 5 =6; | 17)log, 3+log;x=2; | 18) 5 = 6; | 19) 5 =%;

20) Ig(x* —6x+19) =1, | 21) logs(5* —4) =1-x; | 22) Ig(x*-21) =2.

191. Pemure HEpaBeHCTRBA:
1) loggx>2; | 2)logsx—3>2-logsx; | 3)loggx<2; | 4)log, x>1;

2

5) 19(3—-2x)>1; | 6)2** <3; | 7) log,(2x—4) < log,(x +1); | 8)2" 4 5 3.

MOJIEJTUPOBAHUE C IOMOIIBIO ITOKA3ATEJIb-
79-81  H{oii 1 JIOrAPHOMUYECKOM ®YHKIUM

Ilpumep 1. bakrepus depes onpeiesicHHOe BpeMst (depe3 HECKOJIBKO YacoB HJIH
MUHYT) JCATCS Ha JIBE, ITPY 3TOM HOMYJISIIHS (0OIIIee KOJTMUECTBO OaKTEpHiA) OaKkTeprit
yBEITMYMBACTCS BIBOE. Uepes onpeie/ieHHOE BpeMst 3TH JIBE OaKTEPHH TOXE JCTIATCS U
TIOMYJISAIHSL CHOBA YBEJIMYMBACTCS BJIBOE: TEIEPh OAKTEPHIA CTAJIO YEThIPe. DTOT MPo-
[IECC PA3MHOKECHHS TPOODKACTCS B ONArONPHUSITHBIX IS PA3MHOXKEHHUS OaKTepHid
YCIIOBUSIX: TIpHEMIIEMasi Cpefia OOMTAHHSI, HAJTMYNE MUTATeIIBHBIX BEIICCTB, BOJIBL.

JloTmyCcTiM, 9TO CHauaja MMEIHUCh JASCATh MUJUTMOHOB OaKTEPHiA M U3BECTHO,
yTOo OakTepun aenarcs yepe3 yac. Cremnyromiasi Tadnuia BeIpakaeT N3MEHEHHS
Konu4ecTBa Oakrepuii B Teuenue t = 1, 2, 3, 4 gacoB:

t (1ac) 0 1 2 3 4
b, (MuLTHOR) 10 20 40 80 160

BwmecTe ¢ TEM, U3BCCTHO, YTO HC BCC 6aKTCpI/II/I OOAHOBPCMCHHO, CHHXPOHHO
ACIATCA Ha ABC. B Taxom CJIydya€ BO3HHMKACT 3aJada HAXOXACHHUA TOITYIAINN

OaxTepuil mpu He 1enoM t (Hanpumep, npu t = l% 4acoB).

a) Kakyto nmocnenoBarenbHOCTB MPECTABISIET MOCIE0BATeILHOCTE D, b,, ... ?
b) Ha npsiMoyroibHO# KOOpIMHATHOM IIIOCKOCTH OTMETHTE COOTBETCTBYIOLIHE

TOYKH HA TAOJIHIIC U MOJTy9ICHHBIC TOUKH COCTUHUTE TUIABHON KPUBOW JIMHHECH.
. 1
c¢) KakoBa Oynet momyssitiust 6akrepuit uepes t = 15 gacoB?

d) C nomo1pio Kakoi (PyHKIIMM MOKHO ONUCATh WU3MEHEHUE MOMYJISLUN
OaxTepuil ¢ TedeHreM BpeMeHu t?

SIcHO, 9TO YHCITOBAsS TOCIIEAOBATEIBHOCT D, D,,... B BTOpOIi cTpOKe TaOmuIIbI



SIBJISIETCSI TEOMETPUUECKON TTporpeccueit co
sgaMeHareneM 2. E€ oOmmii ujieH uMeeT BU:
b=20-2""tnet=1,2,3,4...

OTMETHM COOTBETCTBYIOIINE TOYKHU B
KOOPJIMHATHOW CUCTEME Ha TUIOCKOCTH H CO-
€/IMHUM TTOJTyYE€HHBIEC TOYKH TUTABHON KPUBOM.

1
3ameTuM 4To yepes t = 15 4acoB IIOITYJIsA-
1151 OaKTEpHi TPUOIU3UTEIBHO OyIeT paBHA

28 MUJIJTHOHOB OaKTEpUiA.

Bunno, 4To monyueHHas KpuBas MMeEET
dopmy, mogoOHYI0 TpaduKy HEKOTOPOil mokazareabHON QyHKIMH. O003HAYUB
a1y ynkumio yepes b(t), (e t>0), moxkem Hammcats: b (t) =20-2" =10-2". A

B o6uiem ciiyuae, BeMUMHA, M3MEHSIOMIASCS 110 3aKoHy, b(t)=b,a' (tae
b, >0, a>1, t>0)Ha3bIBACTCS IKCNOHEHYUANLHO B03PACMAIOWYEll BENUYUHOI.
CrenaeM BBIBO:

Ecnu nmomynsius pacteT MponopIroHaIbHO HaYalbHOMY KOJTMUECTBY Oak-
TEpHii, TO Takasi MOMYJISIUS BO3PACTAET IKCIIOHEHIIUATIBHO.

Bripakenue “IKCIOHEHIIMATIBHBIA POCT OOBIYHO OMPEAETSET HEKOTOPHBIM,
pactyumii OypHo rpoiiecc. Bl BcTpeuanu B cpencTBax MaccoBoi HH(popMaIui
cOO0MIeHNsT 0 OYpHOM POCTE MOMYJISAINH )KHBOTHBIX, HACEICHHUS] HEKOTOPBIX
CTpaH C UCMOJIb30BAHUEM JTAHHOTO BBIPAXKEHUSI.

Ipumep 2. Tlo cBeICHUSIM SIUACMHUOIOTHYECKON CITy>KObI, KOJIMYECTBO I10-
NyJISAIUYA MBIIEH B OJarONpUSITHBIX YCIOBUSX YBEIMUMBACTCS KAKIYIO HECIIO
Ha 20%. Ecimu B Hawane Obuio 100 Mplmei, To
HaWUTE 3aKOHOMEPHOCTh POCTA UX MOMYJISIIUH.

Ecnu 0603naunM yepes P, KoTu4ecTBO MbIIIEH
3a N HeJeNb, TOTA:

P,=100 (HauambHOE KOJIUYECTBO),
P,=P,1,2=100-1,2,

P,=P,-1,2=100-(1,2)*, P,=P,-1,2=100-(1,2)’,
u 1.4. [lonynasuust 3a N Hegelb COCTABUT
P,=100-(1,2)" mbimeit. 4

Brrunciaus (¢ TOMOIIBIO KAJIBKYIISITOPA) COOTBETCTBYIOIINE 3HAYEHUS, TTOJTY-
YUM BBITIIEYKa3aHHbIN TpaduK.

Kax BuHO 13 rpaduka, 3a 6 HeieNb OIS MBIIIEH yBEITUYUTCS TIOYTH B 3 pasa.
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Ilpumep 3. Y4eHBII-3HTOMOJIOT IIPU U3y4YEHHUH CTENIEHU YPOHA, HAHECEHHOTO
CapaH4O CEJIbCKOXO3SIMCTBEHHBIM YTOABSAM, ONPEACIIWII, YTO ILIOMIAAb MOJIEH,
KOTOPBIM OBbLT HAaHECEH YpPOH, u3MeHsiercs mo 3akoHy A =1000 -2°*" (ra.), rae
N — YKUCIIO HENIETb.

a) HaiiguTe miomaap noseil, KOTopbIM ObLI HAHECEH YPOH BHauaje?

b) HaiinuTe mutoniane mosei, KOTopsiM OyzeT HaHeceH ypod: 3a 1) 5; 1) 10
Hezenb?

¢) [Tonb3ysich MUKPOKAITEKYASTOPOM, HAWUTE TIOIIA b TTOJIeH, KOTOPHIM OBIT
HaHEeCEH Bpen 3a 12 Henenb:

d) HagepTure rpaduk 3aBUCHIMOCTH MEXKITY
IJIOLIAJBI0, KOTOPBIM OBLI HaHECEH YpOH U
YUCJIOM HEJENb.

a) A;=1000-2°2=1000 (ra.). CiretoBareibHo,
BHauaJie HaHeceH ypoH miomaau B 1000 ra.

b) I) A;=1000-2°*°=2000; ruroIma b moJe,
KOTOpBIM HaHeceH ypoH, paBra 2000 ra. IT) A, =1000-2°*1=4000; roma s mosiek,
KOTOpPBIM HaHeceH ypoH, paBHa 4000 ra.

¢) A,,=1000-2°212=1000-2>* = 5280; ruromaas MoJcH, KOTOPHIM HAHECEH
YPOH, IPUOIU3UTENHHO paBHa 5280 ra. A
Ipumep 4. B pe3ynbsrare paioaKTUBHOTO PaCIia/ia paJi0aKTHBHOE BEIIECTBO
Maccoit 20 rpaMMoOB KaxAblii rof] ymMeHbinaercs Ha 5 %. O0o3nauuB uyepe3 W,
Maccy BEIIecTBa 4epes N JIeT, HMeeM W. (rpanmm)
CIICYIOIINE PABEHCTBA:
W,=20 r;
W,=W,-0,95=20-0,95 r;
W,=W,-0,95=20-(0,95)*r;
W,=W,-0,95=20-(0,95)° ;...
W,,=20-(0,95)*=72 ;...
W ,4,=20-(0,95)'°°=0,1r. n (rozer)
Orcroma W,=20-(0,95)".
Bennunna, namenstomiascs o 3akony b(t)=b,a' (3mecs b,>0, 0<a<l1, t>0),
HAa3bIBACTCS IKCHOHEHYUATLHO YObl8AIOWell GeIUYUHO.

IIpumep 5. BBeieHHOE B OpraHM3M JIEKAPCTBO MEIJIEHHO PaccachiBAeTCs B
o 3akony D (t)=120-(0,9)! (mr), rme D(t) —mMacca ocraBmierocsi B opranusme
KOJIMYECTBA JIEKapCTBa yepes t uacos.

a) Haiinure D(t) mpu t=0, 4, 12, 24 yacos.



b) Kakas no3a Obuta BBeZieHa BHa4YaJle B OPraHU3M YeJioBeKa?
¢) Ucnone3ys mony4eHHbie B &) cBeneHus, u300pasute rpaduk D(t), rne t>0.

d) [Tonme3ysich rpadKoM, OLIEHUTE BPEMSI COXPAaHCHHSI B OPTaHU3ME YEIOBEKa
JIEKapCTBa MacChl 25 MT.

a) D(t)=120-(0,9)' mr

D(0)=120-(0,9)°=120 mr; | D(4)=120-(0,9)*~78.,7 mr;
D(12)=120-(0,9)'*~33,9 mr; | D(24)=120-(0,9)**~9,57 mr;
b) IMockoneky D(0)=120, To BHauane ObuTO BBeAeHO 120 MT JIekapcTBa.
c) (MT) [Tonb3ysick 3TUM Tpaduxom, omnpe-

JenuM, 94to U3 120 MT BBEJIEHHOTO B
OpraHu3M YeJIOBEKa JIEKapCTBa Yepes
15 gacoB ocTaHeTcst IPUOITH3UTEITb-
HO 25 M. AA

t (gachr)

Ilpumep 6. Macca paAOaKTUBHOTO BEILIECTBA B PE3yJIbTaTe PaIHOAKTUBHOTO
pacmana m3Mensiercs o 3akony W =W 299t (r), rne t — rompl.

a) Kakyro maccy nmerno BemiecTBo BHauase?

b) CxosbpKo IPOIIEHTOB BemiecTBa octanetcs yepe3 200 net?

[Tpu t=0 Oymer W,=W,-2°=W,. CnenoBarenpHo, Ha4aJIbHAs Macca BEIICCTBA
obuta W,. Tput=200 W,,,=W,-2-0:001200=\\/ .2-0-2=\W -0,8706. CitetoBaTesbHO,
uepes 200 et ocTaHeTcs NpuOIM3HTENLHO 87,1% BemecTna. A

Ipumep 7. Tlpu nogbeme Ha BeICOTY h KM Hajl ypoBHEM MOpsi aTMOC(hEepHOE
h

JABJICHUE U3MEHSETCS 110 3aKoHy P =76-2,7 8 (MM pTyTHOTO cTON0A). Onpene-
JIMUTE CaMOCTOATENBbHO, KaKUM OyZieT aTMoc(epHOe 1aBJIeHHE Ha BbICOTE 5,6 KM
HaJl ypOBHEM MoOpsi?

0,4343 J p’
rae p,=760 MM pTyTHOTO cTONI0a — aTMOC(EpHOE aBICHNE Ha YPOBHE MOPS, a
p —armocdepHoe naBieHue Ha BeicoTe h (M). [ToAHSBIIKCE HA TOPY, AJTLITHHUCTHI
OTIpeIeNIUIIN, UTO AaBJIeHHE cTano paBHbIM 304 MM pTyTHOTO cTONI0a. Ha Kakyto

BBICOTY IMMOAHAINCH AJIBITMHUCTHI?

h= 8900 | 760 73302 u.
0.4343 2304

(65]

Ilpumep 8. SIcHo, 4TO BBICOTA BRIYHCISAETCS 110 popmyne h = 8000 Ig-Pe




Hpumep 9. Macca PAAUOAKTHUBHOI'O BCICCTBA C TCUCHHUEM BPECMCHU Y6BIB8.CT
t

I10 3aKOHY m (t) =m, - (l)T , 30€Chb M, — HaYaJIbHas Macca, M — Macca BO BpeMsl
2

t, T — ko3 purmenT, BeIpakaromuid CKOPOCTh pacnaaa (MEepHoJ MoIypaciaa).
Ecnu Mbl 3HaeM Maccy M COXpPaHMBILETOCS BEIIECTBA B TAHHBIA MOMEHT, TO
MOYKEM HAWTH 3a CKOJBKO JIET Macca M, yMEHBIIUTCS 10 M:

t=-T log, (MJ
mU

OTMeTI/IM, 4TO 9TO COOTHOLICHUC MMPHUMCHACTCA B apXCOJIOTHUICCKUX HCCIIC-
JOBAaHUAX.

Ipumep 10. Yucno coB B cIIOBape €CTECTBEHHOTO S3bIKA YOBIBAET C TEYCHUEM
Bpemenu 1o 3akoHy N(t)=N,-e*, rae N,— HauanbpHOe Koimu4ecTBO ciioB, N(t) — konu-
YeCTBO CJIOB B MOMEHT BpeMeHH t (ThIcsiueneTust), A — KoapQUIMEeHT, BhIpaKaroIIfii
CTENEHb COXPAHEHUS CJIOB B S3bIKE.

Ecnu mbl 3Haem konmmdectBo N(t) coXxpaHUBIIUXCS CIIOB B HACTOSIIIIEE BpEMS,
TO MO’KEM HANTH, 3@ CKOJIBKO JIeT 00beM ciioBapst ymenbiutest ot N, 10 N(tb):

t= L In (wj
A N

0

3aoaua 11. VI3BecTHO, UTO BHAYaJIe HACEJIEHUE TOPOAA COCTABIISIIO & YEIIOBEK,
MpUYEM €XKETOHO YUCIO KUTeNel ropoja yBenuuuBaerca Ha 10%. Haiinure

YeMy paBHO HacelleHHe Yepes X JIeT.
[To dpopmyie ClIOKHBIX MPOLIEHTOB, HACEJIEHHUE TOPOAa yepe3 X JieT OyaeT:

(100+10
_a.

X
j =a-(1,1)*. CnenoparenbHo, ¢ momompo (Gopmynsr y=a-l,1*

IpU ITaHHOM & MOKHO OIpPENEeNIUTh YUCIIO HacelaeHHs uyepes X jeT. [IpuBenem
Tabnuiy onpenaeneHus yucia xureneit mo a=1000000 yepes yucio Jer X:

X y X y
1 1 100 000 11 2 853 117
2 1 210 000 12 3138 428
3 1 331 000 13 3452 271
4 1464 100 14 3797 498
5 1 610 510 15 4 177 248
6 1771 561 16 4594 973
7 1 948 717 17 5054 470
8 2 143 589 18 5559917
9 2 357 948 19 6 115909
10 2 593 742 20 6 727 500

‘/-m\‘
\ J



[To Tabnuiie Haitaem, yTo YUCIIO xuTenei yepes S et oyaet 1 610 510, uepes
10 et 2 593 742, a uepes 20 net 6 727 500 uemr. A

3aoaua 12. Ecnu BHa4dase HaceleHUE TOpoaa ObLIO a YENOBEK, a €KEeTOTHO
YHCIIO HAceNeHHUs yMeHbInaeTcs Ha 2 %, To HalauTe (popMyIy onpeaeseHus
YUCJIa HACEJICHHS TOPO/Ia Yepes3 X JieT.

[lo dopmyre clOXKHBIX MPOLIEHTOB HACENEHUE Topoja 4epe3 X JeT OyaeT
100-2
100
y=a:0,98" npu gaHHOM & MOXXHO HAMTH 4YHUCIIO KuTenel uepe3 X neT. [IpuBenem
TaOIHITy, ONMPEACISIONIY 0 Yicio HacenaeHus ropona mpu a=2 000 000 gepes X neT.
[lo Tabnuue Haiiem, 4To Yucio xKuTenen yepes 5 et Oyaet 1 807 842,

uepes 10 net 1 634 146, a uepes 20 ner 1 335 216 uen. A

X
COCTABJIATH y:a-( jza-0,98x. CnemoBaTennbHO, €3 PaBEHCTBA

X y X y
1 1 960 000 11 1 601 463
2 1 920 800 12 1569 433
3 1 882 384 13 1 538 045
4 1 844 736 14 1507 284
5 1 807 842 15 1477 138
6 1 771 685 16 1 447 595
7 1 736 251 17 1 418 644
8 1 701 526 18 1390 271
9 1 667 496 19 1 362 465
10 1 634 146 20 1335 216

3aoaua I3. VI3BeCTHO, UTO HACEJICHUE TOPOA BHAYAJIE COCTABIISAIIO A YEIIOBEK,
MpUYEM YHCJIIO0 JKUTENIEeH exxeronHo yeenmanBaetcs Ha 10 %. Haiinure popmymy
OIpeeNICHUs YMciia JKUTENEH yepes X JIeT. 3a CKOJIBKO JIET OHO YBEJIMYUTCS B
k pas.

Scho, uyro y=a-1,1*X VYuureBasg, 4YTto 1O YycaoBHIO 3amaun Y=K-a,
Haxoautcst popmyna kK=1,1*unu x=1log, K. IIpuenem Tabauiry, onpenensiyo
HEOOXOIMMOE YHCIIO JIET JJIsl YBEJIMICHUS Yiciia HaceaeHus B K pas:

kK |y | k| vy | k |y

1 0 6 19 11 25
2 7 7 20 12 | 26
3 12 8 22 13 27
4 15 9 23 14 28
5 17 10 | 24 15 28

(1)



U3 Ta6JII/ILH>I BHUAHO, YTO AJIsI YBCIIMUCHU A YHCJIa KUTETICH:

B 2 paza HEOOXOAMMO 7 JIET;
B 5 pa3 HeoOxoaumo 17 ner;
B 10 pa3 HeoOxoaumo 24 roja. A
3aoaua 14. Ecnv HaceneHUe ropo/ia eKEToIHO yObIBaeT Ha 2% M Ha4aJIbHOES
YUCJIO JKUTEJEH ObLIIO & YeJIOBEK, TO HaluTe (OpMYyJTy, OITPEACIISIONTY 0 YUCIIO
HaCeJIEHH uepe3 X JICT, ¥ Yepe3 CKOJIBKO JIET YMEHBIIMTCS YHCIIO XKHUTEIeH B K pas.

a o
N3BectHO, uTOo Y=a-0,98%, M yuuThIBasi U3 YCJIOBUS 3ajauu Y =K, HaligeM

1/k=098* wmmu x=log,,,(1/k). Hioke npuBenena Tabnuia, OIpeneNsrOmas
KOJIMYECTBO JICT, HCOOXOMUMBIX ISl YMCHBIIICHHsI HaceneHus B K pas:

k 1/k X k 1/k X

1 1 0 11 0,090909 119
2 0,5 34 12 0,083333 123
3 0,333333 54 13 0,076923 127
4 0,25 69 14 0,071429 131
5 0,2 80 15 0,066667 134
6 0,166667 89 16 0,0625 137
7 0,142857 96 17 0,058824 140
8 0,125 103 18 0,055556 143
9 0,111111 109 19 0,052632 146
10 0,1 114 20 0,05 148

W3 TabauIel BUHO, YTO ISl YMEHBILICHUS YHUCIIA KUTENEi:
B 2 pa3a HeoOxoaumo 34 roja;
B 5 pa3 HeoOxoaumo 80 JeT;
B 10 pa3 HeoOoxoaumo 114 ner.. A
3aoaua 15. B 1935 rony mst kinaccuukammm 3eMICTPSICEHUH aMePUKaHCKUI
ceiicmonor Y. Puxtep npeanoxuin 1 — 9,5 GayuibHyIO KAy MarHuTyz. 3/1eCh
BO3HHKAIONIAsl ceiicMUUecKas BOJHOBAsl YHEPTUS BO BpeMs 3eMISATPECEHUs
OLICHMBAETCS] BETMYMHON, Ha3BaHHON MHTEHCUBHOCTHIO. [lo mikane Puxtepa,
Marautyja R semnerpsicenus ¢ MHTeHCUBHOCTBIO | HaxoauTcs o popmye R=lgl.
B 1966 rony B ropoje TaiikeHTe MpOU30IILIO0 3EMIIETPSICEHHE MAarHUTYI01
5,2,aB2010 rony B 'auTu mpou30111LJI0 3eMJIETPSICEHUE MAarHUTY 101 7. CpaBHUM
9T 3eMJICTPSICEHUS IO MHTEHCUBHOCTH:
3emuerpsicenne B ['antu: 7=Igl,, orcroma |,=107=10000000;

TamkenTckoe 3emierpsicenune: 5,2=Igl,, orcrona 1,=10°?~158489,3.

|
Otcroma -+ ~ 63,1. CienoBarenbho, B ['auTu 3eMyeTpsiICEHHE TIPOM3OIILIO0 C HH-

2
TCHCUBHOCTLIO HpI/I6J'II/ISI/ITCJ'II>HO B 63 pasa 6OJ'II>IHC, 4CM B ropoac Tamkenre. A

\ /‘



Bomnpocs! 1 3aganus

/) 1. ITpuBeauTe npuMep nokas3aTeabHOU MOJIEIIN.

2. IlpuBenure mpuMep JorapuPpMUIECKOn MOAEIH.

Yupaxuenus

192.

193.

194.

19sS.

Ecmm ve 06pabateiBaTh mprycaaeOHbIi 0ropos Bo IBOpe, TO 3a T Hei copHble
TpaBbl HAHECYT YPOH pacTeHusM Ha tuiomamm B A()=3-2"" (kB.M.)

a) Ha xakoii muromaay Obl1 HAHECEH yPOH BHauase?

b) Ha kakoii miomiaau Oynet Hanece Bpen 3a: I) 2 nus, 11)10 aueit, 111) 30 nueii?
¢) IMonw3ysick monydYeHHBIMH B @), D) cBeneHUsIMH, HaYepTUTE Tpaduk
3aBUCHUMOCTH IIJIOLIa/I1, KOTOPOM ObLII HAHECEH YPOH OT YMcia JTHEH.

B nensx BoccTaHOBIEHUS 3KOIOTHYECKOi cucteMbl [Ipuapanss, B npo-
€KT€ YBEJIMYCHHUS MOMYIAINN PEAKUX KUBOTHBIX 3KOJIOTH MJIAHUPYIOT
Pa3MHOXKUTH 25 map >KMBOTHBIX. 1o nccnenoBaHusM, B JaHHBIX YCIOBHU-
SIX TIOMYJISILIMS DTUX KUBOTHBIX U3MEHseTcs 1o 3akony P =P,1,23", rae
P, — 4ucio ®UBOTHBIX uepes3 N JIeT.

a) Uro o3nauaet uucio P, ?

b) Kakyto nonmynsimuro momyunm 3a I) 2; 1) 5; 11T) 10 et ?

¢) [Tonb3ysich MONYYCHHBIMH CBEICHUSMHU, B @), D) HauepTuTe rpaduk
3aKOHOMEPHOCTH CBSI3U KOJMYECTBA MOMYJISIIIUN K KOJTHYECTBY JIET.
CKOpOCTh XUMUYECKON peakiuu u3Mensietcs 1o 3akony V,=V,-2%% rre
t(°C) — Temneparypa.

KaxkoBa ckopocth peakiuu nipu temmepatype: a) 0 °C; b) 20 °C?

¢) Ha ckonbko MpOIEHTOB YBETUUHUTCS CKOPOCTh pEaKIUU IIpU TeMIIepa-
Type 20° C o OTHOIIEHUIO K CKOPOCTH peakluu rnpu tremneparype 0°
C?

V., -V
—50__"20 1.100% U OOBSCHUTE €T0 CMBICIL.

20
B 2017 rony Ha ocTpoB BOIM3M MOTYOCTpOBa AJISCKM NMpUBE3NIH 6 map
Me/IBe/IeH, BHaJalle Ha OCTpOBE MenBezei He Obuto. Ecnmu momyssius
MeJBe/Iel n3MeHsieTcst 1o 3akoHy B, =B 2% (re t — ro/sI), TO MONB3YsICh
BBIYMCIIUTEIIbHBIMU CPEACTBAMHU, OTBETHTE HA CJIEAYIOLINE BOMPOCHI:
a) Uro o3nauaet uucio B,? Uemy oHO paBHO?
b) Kakyto Oynem nmets nomyssinuio B 2027 romy?
¢) Ha ckoibpKo MpOIEHTOB YBEIUYUTCS YUCIEHHOCTHh Measezneit B 2037
roJly IO OTHOIIECHHIO K YHCIEHHOCTU MeaBeaeit B 2027 roay?

d) Beruuciaure 3HaUECHUS



196.

197.

198.

199.

200.

201.

202.

203.

B pesynbrare paanoakTHBHOTO pacraja Macca paJHoaKTHUBHOTO
BeliecTBa u3MeHsiercs o 3akony W(t)=250:(0,998)" (r), rae t — rossl.

a) Kakyto maccy nmeno BeniecTBo BHavyase?

b) Cronbko rpamMoB BetecTa octanetcst uepes: 1) 400; 11) 800; I1T) 1200 net?
¢) [Tonb3ysich BhIIENPUBEICHHBIME TaHHBIME, H300pa3ute rpadux W(P).
d) IMonw3yscek rpadukoM, OllEeHUTE, KOT/Ia OCTaHeTcs 125 Mr BeriecTna.
[Ipn oxnakaeHWH TOpsiYel BOIBI €€ TeMrepaTypa | H3MEHSETCS IO
3akoHy T (t)=1002"%0%°C, rue t — B MUHYTaX.

a) Kakas Op11a TeMmepaTypa BHavase?

b) Kakas Temneparypa Oynet uepes: 1) 15 munyt; 1) 20 munyT?

¢) [Tonb3ysiCh BBINIIETPUBEICHHBIMU CBEIeHUAME n300pasute rpaduk W().
d) Tlonwe3ysachk rpadukoM, oleHUTE, Kakas OyAeT TeMIeparypa uepes
78 MUHYT.

B anextprueckoii 1ienu cuia Toka u3mMeHsieTcs 1o 3akony 1,=0,6-2(A),
rae t — B cekyHaax.

a) KakoBa Obl1a cuiia Toka BHavyase?

b) KakoBa Oyzer cumna Toka gepes: 1) 0,1; 11) 0,5; I11) 1 cekynmy?

¢) [Tonb3ysch BBIMICIIPUBEICHHBIMU CBEACHUSMH, n300pasute rpadux W(t).
B Mope cBeT U3MEeHsIETCs 10 OTHOIICHUIO K Ti1yOrHe d METpOB 10 3aKOHY
L(d)=L, (0,9954)! (kannena).

a) KakoBa ocBellleHHOCTh Ha JTHE MOPs?

b) Ha ckoimbko TPOIEHTOB YMEHBIIAETCS OCBEIIEHHOCTh Ha TTyOnHE B
1000 meTpoB?

[Mommynsimmst 8 GakTepuii yepes 2 yaca Bo3pocia a0 100 6akrepuii. Korna
B 3TUX YCJIOBUAX momyisinus focTurHeT 500 6akrepuii?

Ilo cBeneHMsIM KOMITAHUU COTOBOM CBSI3H, YUCIIO MOIb30BaTENEH COTOBOM
cBs3u BeIpakaercst mo (opmyie N(1)=100000e%%", rme t — mecsisL.
Korna xommanusi Hauajna paboTy, €Clid B HAcTOsIIEe BpEeMS YHUCIIO
0JIb30BatTeNel 3 MUIIIMOHA?

[Iuma, B3siTas W3 MHUKPOBOJHOBOM MEYM, OXJAXKIACTCS IO 3aKOHY
T(t)=80e %', rne t — B MunyTax. Eciiu B HacTOsIIIICE BPEMSI TEMIIEpaTypa
KOMHaThbl coctaBiseT 22°C, TO yepe3 CKOJIbKO MUHYT MUIIA OXJIaJUTCS
110 3TOM TeMIIepaTypol?

BricoTa HCKyCCTBEHHOTO CITyTHHKA C TeYeHUEM BpeMmenH t (B rogax) us-
MeHsietTcs o 3akony H(t)=30000 e %2,

a) Beruucnure BbICOTY CITyTHHKA yepe3 2 roja;

b) Eciu ciiyTHHK HaxoauTcst Ha BhIcOTe 320 KM, TO OH CTOPUT B BEPXHUX
ciosix arMmocdepbl. CKOIBKO BPEMEHHU MPOMIET 10 3TOr0 MOMeHTa?



204.
205.

206.
207.

208.
209.

210.

211.

212.

213.

a) X*—1=0;

YIIPA’KHEHUS K TVIABE 111
Pemnre ypaBuenus (204-205):

b) 5x*-3x3*—4x>-3x+5=0;

a) (X-3)(x+14)(x—15)=0;

) X*—15x>—16=

0;

Pemite ypaBuenus (206-208):

a) (2-X)(3x+1

)(2x=3)>0;

a) X4+8X3+12x2>0; b) (16—X2) (X24+4) (X24+x+1) (X2=X=X) 0.
p —2 7X— 4
a)x22x 80;‘b)3X c) d)1+2<3.
X“+x-1 2X—-3 X+1 Xx+3 x+2
Pemuire CUCTCMY ypaBHeHI/II/I.
x? +y? =113, 5 X’y +xy® =84,
Xy =56 x*+y® =91
X2 +9xy +2y° =12, q x> —2xy +3y* =2,
2x% +3xy —4y* =1, X2 +xy+y°=3.
Pemmnte cucremy nepasenct (210-211):
3x+5 10-3x _ 2x+7 3 2x—-11 19-2x
+ > 7=, + < 2X,
7 5 3 21 b 4 2
D17x 11(x+1) 3x-1 13-x ) | 2x+15 _ x-1  x
LA > _ ; >+,
3 6 3 2 9 5 3
(x+2)(x2—3x+8)
2x2 +2 <5X, X2 -16 <0, 2 <0
a C) X" -9
X2 2 X; —x?+16 > 0; 1-x2 -0
X2 +2x-8
PelinTe MppanMoHaibHOE yPAaBHEHHE:
a) VBX+1++/3x=5=Tx+4+~/2x-2;
b) V2X+3 ++/3x+2 —/2x+5 =/3x ;
0) —“23+2X>O; d)vx—2 —/x-3>-/x-5.
2x°—x-1
CpaBuute uucna (213-215):
3 3 B
a) 4,22 u 1; b) 0,25 u 0,2 5; ¢)(0,4) 2 u 1.

(4

b) (3x—2)(X=3)3(x+1)3(x+2)*>0.

C) IX*—4x3—7x*—4x+5=0.
b) (4x+11)(3x—5)=0;
d) x*+24x>-25=0.



N 3 _4
214. 2) 4>° u 43 ; b) /3% u 3%2; )24 mu 89,
1
215. a) 2 u 275, D) 7% u 73, 0) (%)ﬁ u 3%,
216. Haiigute obmacth onpeseneHus (yHKIIUH:
N 1 1 o
a) y=5 ; b) y=——; ) Yy=— ; d) y=3¥*.
)y VY=g Y=y )y
217. HaiiguTe oOnacTh 3HaYCHHUH (DY HKIIHH:
a) y=2"; b) y=3+4"; ¢) y=-6" d) y=5"+1.
Pemnre ypaBuenus (218-219):
: 2
218. a) 8 =25; | b)121*-7.11*=5.11"-11; | ¢) 0,5*** 3 =22
219. a) 6 57 =621 +57; | b) 4°+4*=130; | c) 125" +20* =2,
220. Pemmte cuctemy ypaBHEHHI:
X+Yy =5, b =27, 5 =25,
? 59X =0,2; ) 0,177 =0,01; ) 3 =27.
221. Pemnte HEpaBEeHCTBA:
x-3
a) 4 <3%; | b) 16" -7-4"-8<0; | c) 4.5 <% ;1 d) 6> 1.
222. CpaBHUTE YHUCIIA:
a) log,2 u 2; b) log,5 u 2-log,2; c) log,5 u logg2
d) log,,5 u log,,6; e) log,3 u log,4; ) 1g18,8 u 1g6m.
223. HaiiguTte obmacth onpeaeneHus (yHKIIUH:
X—3
) y =log, (2x+7); [b) y = log, (4-x); |c) y =109 (~8x); |d) y =1g~—.
3
Pemure ypaBHeHHUS:
224. a) lg(x-9)+g(2x-1)=2; b) log, Vx—3+log, Vx+3=2.
Pemnte cucremy HepaBeHCTB (225-226):
5y =1, lgx+Igy=4, log,, (3" +2") =1,
225. a) 2109:(¢+Y) _ g lgx—Igy=6; ¢ 3 -4.2Y =5
2*.5' =40, log, x+5"%Y =4, 3.3V =81
. 5%.27 =250, x’ =16; 9 -3V =24,




227. PemnTe HEPaBEHCTBO:

a) log,(X* +x+1) >1; b) log, (x* + x—6) —log, (x+3) <1;

c) lg>x<Igx®-6; d) log,(4*-5-2"+13)>2; ) 57 >2.
228. Haueptute rpadux GyHKIUH:

a) y=1,5sin(2x-1) b) y = 2cos(2x —g) : ¢) y=log,(1-x).
229. CpaBHure:

a) arcsin(—%) u arccos%; b) arccos% u arctg(-1);

C) arctg«/§ u arctgl; d) arccos(—%j va arcsin(—g}

230. Brruuciure:

a) 2arcsin(— %) +arctg(-1) +arccos % ;

b) arctg (—\/5 +arccos [—%] +arcsinl;

Pemmnte ypaBuenus (231-233):
231. a) 2cos>x+5sinx—4=0; | b) 3sin?2x+7cosX—3=0;
232. a) 3sin’X+7sinx—10=0; | b) 2cos*X—5c0sx+3=0;
233. a) cos7X=cos2X; b) tg8x=tgllx.

Pemute HepaBencTBa (234-235):

c) 4tg’x—5tgx+1=0.
¢) sin6X=sin3x.

234. a) sinx>—%; b) COSZXS%;

235.

. 1
c) tg3x>1; ‘d) sm2x£5.

a) sin4x£%; ‘b) cosl0x>0; | ¢) tg9x <+/3; | d) cos(Zx—%}sO.

KoHTpoJibHbIE TeCTOBBIE 3a1aHUS
1. Pemute ypaBHenue sin6X=0.

A)X:En,nez; B)X:En,neZ;
6 5

C)x:%n,nez; D)x:gn,nez.



10.

Pemute ypaBaenue cos2x=0.

A) x=2nn,neZ, B) x=mn, neZ,

C)X=£+En,neZ; D)X:En,nez.
4 2 3

Pemmnre ypaBHeHue tgdx = J3.

A)x:£+n—n,nez; B)x:£+n—n,nez;
3 4 2 4

C)x:£+n—n,nez; D)x:n—n,nez.
12 4 4

Pemnte HepaBeHCTBO sin2X>3.

A) X =7, nez; ‘B) @ ‘C)x:gﬂtn, nez:|D)x=2rn nez.

Pemure HepaBeHCTBO COS2X<3.

A) (=o0;+00); B) J; C) (-;0); D) (0; +o0).
Haitnute obnacts onpeaenenus: y=12*%

A) (—o0; +00); B) (0;+x);  C) (~20;0); D) @.
Haiigute obnacts onpeneneuus y=1og,(3—x).

A) (3;+x); B) [3;+0);  C) (-0;3); D) (—o0;3].

1
Briuuciure arCSInE.

T T T
A) —: B) =; C) —; D) —.
) 5 )T ) 1 ) 5
Briuucinure arccos7 .
i T T T
A) —: B) —; C) —; D) —.
) 3 ) 5 ) c ) 2
Beruucnure arctgl.
T T T
A) —; B) —; C) —; D) —.
) 2 ) ) 5 ) 1
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IJIABA 1V

(Q KOMITJIEKCHBIE YUCJIA )

-

KOMILJIEKCHBIE YACJA U ONEPALIMYA HAJ HUMU.
86-87 _M30OBPAKEHUE KOMILIEKCHOI'O YHCJIA

KommnuiekcHbie yuciaa

VYueHne 0 KOMIJIEKCHBIX YUCIIAX B HAYKE U, B YACTHOCTHU, B MaTEMATHUKE 3a-
HUMaeT 0coboe MecTo. bricTpo pa3BuBasch, 3Ta 001ACTH UMEET YPE3BBIYAITHO
LIMPOKOE IPUMEHEHNE B TEXHUKE, @ TAKKE BO MHOTHUX OTPACIIAX IIPOU3BOJICTBA.
[IpuBenem otaenbHbIE cBeleHUs 00 3TUX unciaax. Haunem ¢ yacTHoro npumepa.

B npomecce pemenus ypaBHeHHs X*+4=0 GopmManbHO MOTyYarOTCS
“gucna” X, =2 V-1 ux ,=—2~/-1. Cpenu nelicTBUTEIBHBIX YUCET TAKUX “‘UnceN”
HE cyniecTByeT. UTOObI BBINTH U3 TaKOH CUTyallluH, BOSHUKAET HEOOXOIMMOCTh
paccMOTpeHus V-1 kak HOBOrO uncyA.

DTO HOBOE YHCJIO HE BBIPAXKAeT HUKAKYIO PEaIbHYI0 BEIUYUHY HIIH €€
n3menenne. [109ToMy ~—1 IPHHSTO HA3HIBATH MHUMOIU (BOOOPAaXacMOii, B
JNEHCTBUTEIIBHOCTH HE CYIIECTBYIOIICH) SIUHUIICH U MPUHATO CIEIHAIBHOE
0603HaueHue: /-1 =i. JIiist MHEMOM €IMHHUIIBI CIIPABEIINBO PABEHCTBO 1I>=—1.

PaccmoTpum BeipaskeHus Bua a+bi. 3mecs a u b mo0ble gelcTBUTEIBHBIC
qucia, a | MHUMas euHUIIA.

Taxk kax BeIpakenue a + bi cocrout u3 “komiuiekca’” IeHCTBUTEILHOTO YHCIIa
a ¥ MHUMOTO 9Kcia bi, To MPUHATO ero Ha3bIBaTh KOMILJIEKCHBIM YHCIIOM.

Beipaskenue a+bi Ha3bIiBaeTCS KOMIUIEKCHBIM YHCIIOM ajIre0pandecKoro BH/a.

a+bi Ha30BeM ISt KPATKOCTH “KOMIUIEKCHBIM YHCJIOM”, BMECTO Ha3BaHHS
“KOMIUJICKCHOE YHCJIO alredpanyeckoro Buaa”. KoMIuiekcHbIe yncia yaooHee
0003HaunTh OfHOM OykBoit. Hampumep, a+bi o6o3naunm uepes z. [IpunsiTo
0003HaYaTh OelicmeumebHy0 Yacmes a KOMILICKCHOTO 4uciaa Z=a+bi uepes
Re(2) (mo-bpaniyscku réelle — neicTBUTENBHOE), MHUMYIO Yacmb b yepes Im(2)
(mo-dpaniy3cku imaginaire — muumas): a=Re(z), b=Im(2).

B cayuae, korga b=0, kommuiekcHoe yucio z=a+bi OyaeT neHCcTBUTEIbHBIM
gucyiom Z=a. CiaenoBaTellbHO, MHOYKECTBO JICHCTBUTEIBHBIX Uncen R SBIsieTCs
MOAMHOXKECTBOM MHOKeCTBa Bcex KoMiiekcHbIX uyncea C: R c C.
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Ipumep 1. Halinute 1eiCTBUTENbHBIE © MHUMBbIE YACTH KOMIUIEKCHBIX UUCEN:
z=1+2i, z,=2-1, z,=2,1, z,=2i, z.=0.
[lo onpenenenysiM IEUCTBUTENIBHBIX K MHUMBIX YACTEW KOMIUIEKCHBIX UMCEIT HAMJIEM:
Re(z,)=1; Re(z,)=2; Re(z;)=2,1; Re(z,)=0; Re(z;)=0;
Im(z,)=2; Im(z,)=—1; Im(z;)=0; Im(z,)=2; Im(z5)=0. A
JI7151 KOMILJIEKCHBIX YHCEJT OTHOLIEHUS ‘<, “>" He onpeIeIeHbl, HO BBOJUTCS
MIOHSITHE PABEHCTBA KOMILIEKCHBIX YHCEIL.
KoMnnekcHsle yncnia, 1€MCTBUTEIbHBIE U MHUMBIE YaCTH KOTOPBIX
COOTBETCTBEHHO PAaBHBI, HA3bIBAIOTCS B3AUMHO PaBHBIMH KOMILIEKCHBIMU YUCIIAMH.

4 3 :
Hanpumep, muis gucen 2121,5+§ b z,=5 +0,8i umeem Re(z,)=Re(z,)=1,5;

Im(z,)=Im(z,)=0,8. CnenoBarenbHo, Z,=2,.

JIBa KOMIJIEKCHBIX YHKCJa, OTAMYAIOMIUECS APYT OT APYyra TOJbKO
3HAKOM MHUMBIX YacTel, Ha3bIBAIOTCS B3aUMHO CONPSIKECHHBIMU YUCIIAMH.
KoMI1ekCHOE 9HCIT0, COMPSHKEHHOE ¢ KOMITJICKCHBIM YrciioM Z=a+bi, umeer
BUA Z=a—bi.

Hanpumep, 6+7i u 6—7i conpsikeHHble KOMILIEKCHBIe uncna: 6+71= 6-7i.
Taxoke, conpsiKEHHOE YUCIO K Yichny Z OyneT Z = Z.

Hanpuwmep, 6+71=6—7i=6+7i. ConpsisKeHHOE YHCIIO K JEHCTBUTEIHLHOMY
qrciTy a paBHO camomy a: @ =a+0-i=a — 0-1 =a. Ho compsikeHHOE YHCII0 K

mHIMOMY urciy bi ects uncio bi =—bi, Tak kak, bi =0+bi =0—bi=—bi.
ApupmMeTuyeckue 1eicTBUA HAl KOMILJIEKCHBIMHM YUCJIAMH
Apudmerrdeckue NeHCTBUS HAJl KOMIUIGKCHBIMU YHCIAMU OMPEICIISIIOTCS
clenyrmumMu GopmMyramMmu:

(a+bi)+(c+di)=(a+c)+(b+d)i; )
(a+bi)—(c+di)=(a—c)+(b—d)i; 2
(a+bi)-(c+di)=(ac—bd)+(ad+bc)i; 3)

a+bi_ac+bd+bc—ad. 4

c+di  ¢’+d? ¢’ +d? @

Henocpenctsennoe npumenenue paBeHcTB (1) u (2) He mpeacTaBiseT
TpyAHOCTEH. YMHOXEHHE KOMIIJIEKCHBIX YMCEJ MOXXHO BBIMOJHHUTH Kak
YMHOKCHHE MHOTOWICHOB (JBYYJICHOB) OT I, IIPH ATOM Y4YHUTHIBas1, 4yTO 1°=—1.

Ipumep 2. Hatinute cymmy: (3+71)+(—5+41).

Jns HaxokIeHUsI cyMMBbl Bocnionb3yemcs (popmydoit (1):
(3+71)+(=5+41)=3+(=5))+(7+4)i=—2+11i. A

IIpumep 3. Haiinure pazHocts: (13—71)—(—5+41).

J1s1 HaXOXKIEHUS Pa3HOCTH BOCTIONBb3yeMcs (hopmyIoi (2):




(13-7i)—(~5+4i)=(13—(=5))+(-7-4)i=18-11i. A
Ipumep 4. Haligute npousBeacHHe: (2—i)-(%+2i).
JItst HaXOK ICHHSI TPOU3BEICHHS PACKPOEM CKOOKH U MCIONb3yeM 12=—1:

(2—i)-(§+2ij:2-§+2-2i—i-§—2i2 :§+4i—§i+2=1+gi A
4 4 4 2 4 2

_ 4
a+bi
I[J'IH BBIIIOJIHCHUSA ACJIICHUA d JOCTATOYHO yMHO)KBITL YUCINUTCIb U
c+di

3HaMEHATENIb Ha CONpsdiceHHoe ero 3HAMEHATeN0 Jucio C—di W BBITIOJHUTH
COOTBECTBYIOIINE ITpeoOpa3oBaHUE.
2—1i
-3+2i°
2—-i  (2-i)(-3-2i)) -6-4i+3i-2 -8-i _—_8_ii
—3+2i (-3+2i)(-3-2i) (=3)*-(2i)) 13 13 13 A

KoMnnekcHbie uncia z, W, yAOBIETBOPSIONIUE paBeHCTBY Z+W=0, Ha-
3BIBAIOTCS 83AUMHO NPOMUBONOJIONCHBIMU YUcaaMuy. YUCIIO0, TPOTHUBOMOIOKHOE
KOMIUJIEKCHOMY YHUCITy Z, PUHATO 0003Ha4YaTh depe3 —z. CymecTByer
CIMHCTBEHHOE KOMIIJIEKCHOE YHCIIO, POTHBOIOIOKHOE Yucay Z=a+bi u oHo
umeeT Bug —Z=—a-Dbi.

KoMmniekcHbie uncia z u W, yIOBJIETBOPSAIOLINE PABEHCTBY ZW=1, Ha3bI-
BAIOTCSI 83AUMHO 0OpAMHBIMU KOMNIEKCHbIMU yuciamu. He cymecTByeT uucina,
obpatHoro uucny z=0. s m0060ro KoMIuiekcHOro uncia Zz#0 cymecTByeT

Ilpumep 5. BellOTHUTE NEIEHUE:

1
CIUHCTBCHHOC KOMIIJICKCHOC YMCJIO, O6paTHO€ cMYy. DTO YUCIIO €CTh —.
Z

N300pakenne KOMIJIEKCHOIO YHCJIa B
TJIOCKOCTH
JlomycTrM, 9TO Ha TNIOCKOCTH 33/IaHa IPSIMO-
YTOJTbHAS IEKapTOBa CUCTEMa KoopauHaT. Toraa
KOMITJICKCHOMY YHCITy Z=a+bi B IIOCKOCTH CO-
OTBETCTBYET TOYKa C KoopauHatamu (a; b).
[Tpu 3TOM KOMILIEKCHOMY YHcy a+0i cooT-
BETCTBYET ToUKa (g, (), a KOMIJIEKCHOMY YHUCITY
0+bi Touka (0; b). [ToaTomy och OX Ha3bIBaeTCs puc.1.
JEUCTBUTEIILHOM OChIO, 2 0ch Oy MHUMOI OChIO
(puc.1).
KommnnekcHoe uuciio a+bi MOXHO H300pa3uTh Ha TNIOCKOCTH M KAK BEKTOP
¢ KoopauHatamu @ u b (puc.2). DTo MO3BOIAET MCIOIL30BATh MPH CIOKEHUN
KOMIIJIGKCHBIX YHCEJ MPABUJIO MTapasliejorpaMma CJIOKEeHH ST BEKTOPOB (puc. 3).
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Puc 2. Puc 3.

Bonpocsl ¥ 0TBETHI
1. Yro takoe MunMas enunuia? [louemy BO3HMKIIA HEOOXOIMMOCTD €€ BBEICHUSA?
2. Hanmimre anredpandeckuii U1 KOMITIEKCHOr o yucia. [ Ipusenure npumep.
3. Kakue KomIuiekCHbIe uKcia Ha3bIBatoTCs paBHbIMU? [IprBennTe npuMepsl.
4. Kak onpeneinsieTcss CcyMMa, pa3HOCTb, IIPOM3BEACHUE U YACTHOE JIBYX
/0 || xommuekcHbIX uncen? OOBSICHUTE Ha IpUMEpaX.
|l 5. Kak onpenensieTcst KOMIIJIEKCHOE YHMCIIO TPOTUBOIIOIOKHOE JTAHHOMY ?
6. Kak onpenesnsieTcst KOMIIJIEKCHOE YHUCIIO CONPSKEHHOE JaHHOMY?
7. Kak onpezensitoTest B3auMHO 0OpaTHble KoMIUIeKcHbIe uncia? [Ipusenure
IPUMEDBI.
8. Kak n3zo0pakaercsi KOMILIEKCHOE YMCIIO HA KOOPJUHATHOMN MIJIIOCKOCTH?
[Ipusenure npumep.

YnpaxHeHus

1. HazoBuTe yCTHO JACHCTBUTEIbHBIC U MHUMbBIC YaCTH KOMILJICKCHBIX YUCEIT:
) z=-3+7i; 2)z=4—%i; 3)z=-2-5i;
4)z=-57+5i; 5) z=5i; 6)z=09;
7)z=-7+3i 8)2:8—%i; 9) z=-5-6i;
10) z=-5,7-5i; 11) z =-5i; 12)z=90.

2. Hamnwumurte KOMIIJICKCHBIC YHCIIA B areOpandeckoM BU/IC:
DRe(z)=4, Im(z)=-5 2)Re(z)=-2, Im(z)=3;
3)Re(z)=0, Im(z)=8; 4)Re(z)=7, Im(z)=0;
5)Re(z)=6, Im(z)=-7; 6) Re(z)=-3, Im(z)=4;
7)Re(z)=0, Im(z)=9; 8)Re(z)=2, Im(z)=0;
9) Re(z)=12, Im(z)=20.



10.

11.

12.

13.

14.

15.

16.

17.

18.

VYkaxxute paBHbIe KOMILICKCHBIC yucia (3—4):

1)2—4i;‘2)2+3i;‘3)§+i; 4)\/121—7i;‘5)33+44i;‘6)§/§+§/ﬁi.

1) 4-3i ‘2)1+3i; ‘ 3)%+i;‘ 4)«/E—x/§i;‘5)3+4i; ‘ 6) 327 + 3/64i.
Haiinure conpsikerHOe 9ncio Z K gucity Z (5—6):

1)z2=5-3i; | 2)z==5+31i; | 3)z=1—i; | 4)z=2+43i; | 5)z=-T7-i.

1)2=7,2; |2)z=6i; 13) 2=16—9i; |4)z=—2i+(-7+3i).
Haitqute cymmy (7-8):

1) (-5+3i)+(2-0); | 2) (3)+(3—4i); | 3) (2+5i)+(=2-50); |4) (—4i)+(3.6-30).

1) (8=3i)+(8+3i); |2) (=7+5i)+(7-5i); |3) 9i+(3—8i); |4) —17i+(-9+161).
Haitaure paznocts (9-10):

1) 3+41)—(4+21); |  2) (4—061)—(3+21); | 3) (2+41)—(—4+21).

1) (5+4i)—(5—4i); | 2) 7-(8+5i); | 3) 7i—(6i+3).
Haiinure npoussenenue (11-12):
1) (4+61)(3+4i); | 2) (5+8i)(3-2i); | 3) (6—4i)(3-6i).

1) (-3+2i)(8-4i); | 2) G—ij@n]; 3 (;«j(g—m].

Haitnqure vactaoe (13-14):

2+2i 4-5i 3+4i 2+3i 4 -5
D150 | P30 ‘3> 3_4i° ‘4) -3 |V 352
4 -5i 3 5—2i 7i 7+4i
Do [P \”T; \‘”m; \5> 56
Breinmonuute nevicteus (15-16):

(3—4i)(4-3i) (4-i)(3+2i) 5-2i
D D e | ) e
3-2i 3 2 5
D t+iyEiy ‘ PR ‘ Vi 2

N300pa3ute KoMIUIeKCHBIE yncia B mitockoctu (17-18):
1) z=3+4i; | 2)z=3-4i; | 3)z=-3+4i; | 4)z=-3-4i; | 5)z=2I.

1) z=4-2i; | 2) z=5+3i; | 3) z = ? | 4) z=2—i)(1+); | 5) z=(2+i)(2i).
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KOMIIVIEKCHBIE YUCJIA BUJA
88 r (cosQ+ising) m r-e'* (r>0, 0<@<2m)

B sToli TeMe M3y4uM TPUTOHOMETPHUECKYIO M TOKa3aTeNbHYyI0 (OPMBI 3a-
MUCH KOMIUIEKCHOTO YHCIIa.
Tpuronomerpuueckasi popma 3anucu KOMILIEKCHOT0 YHCJIA
[TycThb Ha IIIOCKOCTH 33a/1aHa MPSIMOYTOJIbHAS JEKapTOBA CHCTEMa KOOP/INHAT.
JlomyCTHM, 4TO KOMILIEKCHOMY YMCITy Z=a-+Di mocraBiieHa B COOTBETCTBHE TOU-
ka A c xoopauHatoii (a; b). CoequHIB HauaI0 KOOPAUHAT M TOUKY A, IOy UM
BekTop OA (puc.4).
Paccrosiane r=0A ot Touku O 10 Touku A Ha3bIBaETCS MOOY/1€M KOMNIIEKC-
HO020 uucna, a yroin (¢p) MeX1y TOJIOKHUTEIEHBIM HAIPaBICHUEM OCH a0CIIUCC 1
BekTOpOM OA HA3BIBACTCS AP2YMEHMOM KOMNIEKCHOZ0 YUCTA.

a . b
OueBnaHo, uTO, 0<r<+0w, 0<@<27, r=+a’+b?, cose=—, Ssinp=—.
r r

y
AR vt
,
e
: —

Puc-4.
3anuck Buza Z = I (COS ¢ +iSin @) Ha3bIBAETCSA TPUTOHOMETPUIECKOH (OPMOt
3allMCH YUCIIa Z, a 3aluch Z=r €' — mokasaTeabHol (Gopmoit. [l nepeBoaa
KOMIIJIEKCHOT'O YHMCJIa U3 TPUTOHOMETPUUECKON OPMBI B areOpandeckyro uc-
MOJTB3YIOTCS paBEHCTBA: a=1ICOS®, b =rsino.

Ipumep 1. 3anumnTe KOMIUICKCHBIE YUCIIa B TPUTOHOMETPUYECKOM (hOpME:
Di;  2)-2i; 3)-1-i
) z=i=0+1i, a=0, b=1 r=+02+1 =1 COS(pz%zO, (ng.

. T .. T . m™T . . T
CnenoBaTelbHO, |=1(cos—+|sm§j,1e. IZCOSEHSInE'

2) Tak kak r=2, (p=37n, TO —2i = Z(Cos%ﬂsin%] ;

\ J



3) z=-1-i, a=-1 b=-1 r=+2, cosp=—

1 5
RS

CnenoBarenbpHo, —1—i = \/E(COS% +isin %) A

Ilpumep 2. 3anumunTe KOMIUIEKCHBIE YHCTIa B TIOKAa3aTEIHLHOM (OpME:

Di;  2) —2i; 3) -1 —i.

Bocnonbs3yemcs pacueramu npumepa 1:

UH 3£i Sli
i—e2, —2i=22, -1-i=+2et.A
Bonpocs! u 3axanue
1. YUro Takoe Monynb KoMILIEKCHOro yncna? Kak oH HaxoguTcs?

o) 2. YUto Takoe apryMeHT koMmIiekcHoro uucina? [Ipusenure npumep.

3. Yro Takoe TpuroHomMeTpuueckas (popma 3ammcu KOMILUIEKCHOTO
yycia. A mokasarenbHas?
4. JlokaxxuTe 3HAMEHUTYI0 popMmyiry Diiniepa: e™=—1.

YunpaxHeHus

19.

20.

21.

22.

23.

24.

Haitnure Mmomyns kommiekcHoro uucia (19-20):
1)z=-2+3i; 2)z=-2+3i; 3)z=1+3i; 4)z=+8-i.

1)z=6-8i; 2)z=2+23i; 3)z=+3+i; 4)z=2i

Haiinute apryMeHT KOMIUIEKCHOTO uncia (21-22):

Y V2,2, 1B o

Dz=—+=1; 2 z=—+—|; z=——1i;
) 2 2 ) 2 ) 2 2

1) z=5; 2) z=-2i; 3)z= L_g

3aHI/IHII/ITC KOMIIJICKCHOC YHCJIO B TpHFOHOMCTpH‘-ICCKOfI U TOKA3aTENbHOMI
dbopmax (23-24):

)z=-2-2i; |2)z=2-2i; |3)z=+3-i; | 4)z=1-/3i

1) z=~2-2i; |2)z_1—£ 13) z= £—£ |4)z_£+%i.

IMPOU3BEJEHUE U YACTHOE KOMIIVIEKCHbBIX YUCEJI,

89-90 3AJAHHBIX B TPUTOHOMETPUUYECKOM ®OPME

YMHOKeHHE KOMILIEKCHBIX yucel, 3aJaHHbIX B TpI/IFOHOMeTpI/I‘IeCKOﬁ (l)OpMe
I[JISI YMHOXCHHA KOMIIJICKCHBIX YHCCII

z, =1, (cos, +ising,), z,=r,(cose,+ising,) crupaseaansa Gpopmya:
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2,-2, =1, 1,[ cos (¢, + @, ) +isin (@ +¢,) ] )
JInst iesieHrst KOMIUIEKCHBIX YHCEN Z, U Z, B TPUTOHOMETPUIECKOM (hopme
z, .
cripasenmiBa hopmyna — =2 cos(¢, — ¢, ) +isin(g, —¢,) |, r,#0. )
z, T,

1 1
Ilpumep 1. YMHOKBTE KOMIIJIEKCHBIE YHCIIA

2, =3(c0s20°+isin20°) u 1z, =2(c0s35°+isin35°).
[To BEIIENTPUBEAECHHOMY IIPAaBUIy HaliJEM TPOU3BEIACHNUE:
2, -7, = 3-2(cos(20°+35°) +isin(20°+35°)) = 6(cos55° +isin 55°). A
Ilpumep 2. YMHOXBTE KOMIUJIEKCHBIE YHCIIA
2, = 2(c0s140° +isin140°), z, =3(c0s150° +isin150°)
u 2z, =5(cos70°+isin70°).
[lo BeIIETIPUBECHHOM (hOpMYIIe HAWIEM TPON3BEICHHE:
2,-2, 25 = 2-3-5| c05(140°+150°+70°) +isin (140° +150°+ 70°) | =

=30(c0s360°+isin360°) =30. A
Ilpumep 3. Haipute 4aCTHOE KOMIUJIEKCHBIX YHCEII
2, =6(c0s50°+isin50°) u z, = 2(cos25°+isin 25°).
[lo npaBuny neneHus:
4 :g[cos(SO°—25°)+ isin(50°—25°) | =3(cos 25°+isin 25°). A

2
Bo3Benenue B HATYPAJIbHYIO CTENEHb

Jlst BO3BeIcHUs. B KBaApAT KOMILICKCHOTO yucia Z=Tr(Cose+ising)
UCHOJIB3YyeM (POPMYIly YMHOXKEHUSI KOMIUIEKCHBIX uncen (1):

22 =r?(cos@+ising)’ = r?(cos2¢+isin 29). Touno tax e,
23=[r(COS(p+iSin(p)]3=I’3(COS3(p+iSin3(p). 3)
OTMeTHM, 4YTO B OOILIEM CTyuae CrpaBeuBa Gpopmya
2" =[r(cosg+isin (p)]n =r"(cosne+isinno) , rae neN.
ITpumep 4. Bo3BenuTe KOMIIEKCHOE YHCIIO B KyO z =3(c0s15°+isin15°).
ITo hopmyme (3):
27

23:27(cos45°+isin45°):7(x/§+i\/§):%(l+i).& 5
3

Ilpumep 5. Haiigute 1ecATyIO CTENEHb KOMILIIEKCHOTO YHCa Z = §+7| .
Chauana HaliieM MOJAYJb M apryMeHT 3aJlaHHOT0 YHCJIa, 3allUIlIeM €ro B

TPUTOHOMETPHYECKON (PopMme: r = /1 s 1 o= % =60°, z=1-(cos60°+isin60°)
OTCIO/IA: 4 4



2%° = (Cos600°+ i 5in 600°) = Cos 240° + i i 240° = —% N3 A

Bonpocs! u 3a1anus
1. Kak yMHOXaIOTCsI KOMIIJICKCHBIE YHCIIa, 3a/IaHHBIE B TPUTOHO-
MeTpuueckor dopme?
™ .‘\g- 2. Kak nensarcst KOMIUIEKCHBIE YMCTa, 338/ITaHHBIE B TPUTOHOMETPHU-
geckoit hopme?
3. Kak B03BOASTCS B CTENEHb KOMIUICKCHBIC YHCIA 3aJaHHBIC B
TPUTOHOMETpUYECKOU (hopme?

YnpaxHenus
YMHOXbTE KOMIUJIEKCHBIE yKciia (27-28):

27. 1)z :ﬁ cos = +isin = 2. =L (cos ™ +isin .
) == (c0sy U 2 =5 (C05g %
1 T .. T T .. T
2) z, ==(cos—+isin— n Z, =3(cos—+1isin—).
)7 3( 9 9) »=3( 3 3)
28. 1) z cos—+|sm— u Z =\/§ cosm+isinm);
) 7, = \/5( B 12) 2 ( )
T .. T 1 T .. T
2) 7z, = 2(cOS—+1Sin— H Z, =—(Cos—+1sin—).
) 2, =2( 18 18) 2 2( 5 2)
Paznenure KoMIUJIEKCHBIE YHCIIA (29—30)'
29. 1)z, =2 cos£+isinE Ha = 2(cos— +isin
) & (8 8) 2121212)
mwm .. T ..
2) z, =8(cos—+isin— 2, =4 cos—+|3|n—.
) 2, =8( 2 4) Ha 2 =4 5 6)
30 1z —cos3—n+isin3—7E Ha 2, =cosZ +isin =
: g 4 2 2 2°
2) 7, :%(cos%nsin%ﬁ) Ha z, :%(cosz—gﬂsinz—;).

BosBeaute koMmriekcHOE 4ucio B crenenb (31-32):

31. 1) (3(cos%+isin%))5; 2) (Jé(cosgming))ﬁ; 3 (x/i(cosgﬂsing))?.

[uiy

32.

N

TT .. T 4 TT .. TC]_O T .. 7T 11
1) (4(cos—+isin—=))"; |12) (cos—+isin—); 3) (coOSs—+isin—)".
) (4(cos-, +isin-) 12) ( [ HisingD) 13) ( o5 Hisin>)

(e2)



Beimonuaute nevicrBus (33—34):

- el (ﬁ_i)4; ) (ﬁfi) g
(l—i)(1+\/§i) (1+i) (I-i) —(1+i) -i

34. g 2%5 275 |, 12+§i+(2—i?2; 3341 5760
2-5i  2+5i 6-8i  1-2i 3+4i 5-6i

91 MN3BJEYEHUE KBAJIPATHOI'O KOPHS U3
KOMIIVIEKCHOI'O YNCJIA

JIns u3BJiedYeHHs KBAJPAaTHOTO KOPHS M3 KOMIIJIEKCHOTO YHCJa BUJA
Z=r(COSQ+ising) 0603HAYNM MOIYIb K APIYMEHT HCKOMOTO KOMILICKCHOIO
qrclia yepe3 X ¥ Y U 3aMuIlIeM CIAYIOIIee PaBeHCTBO:

\/r(COS(p+iSin @) =x(cosy+isiny).
BosBeeM 00e yacT 3TOro paBeHCTBA B KBaAPAT,
r(COS(P+ ising)= X2 (cos2y+isin ZY) U YYHTBIBas, 94TO X°=r, 2y =@+27Nn,

Hali[IeM OTHOILIEHHE X = \/F v Y =g+ 7N, N €Zl . CnenoBareabHO, 111 HCKOMOTO

KBaApaTHOI'O0 KOPHs KOMIIJICKCHOT'O YMCJIa Z CIIpaBeAJIMBa (bopMyna:

+2nn . . ©+27n
B= \/F{COSQTJF 1SN P 5 } . IToncrasnss BMecTo N 3HaueHus 0, +1,

+2, ... HAXOOUM pa3IuvYHbIe KOpHU. B pe3ynbraTe MpoBEepKU OMPEICINM, YTO
CYIICCTBYIOT TOJIBKO IBa Pa3JIMYHbIX 3HAYCHMU, T.C.
mpu n=0 P, =\/F(cos%+isin§j, (1)

npu n=1 Bz=\/F|:COS(%+nj+iSin(%+nj] (@)

Ilpumep 1. VI3BiexuTe KBaJApaTHbIM KOPEHb M3 KOMILJIEKCHOIO YHCHa
z=9(cos60°+isin60°).
[To BeIIEIPUBEICHHOMN (hOPMYII€ BEIYUCIUM KBAIPATHBIM KOPEHb:
V7 =3[ cos(30°+180°n) +isin (30°+180°n)] .

[lo sToit popmyrne HAXOAATCA CIAEAYIOUIUE KBaAPATHBIE KOPHHU:

npu N=0 «/_=3(cos30°+isin30°):g(\/§+i)
u npu nN=1 f:3(C05210°+isin210°):—g(\/§+i).&



JI1s n3BNeYeHUsI KyOMUeCKOro KOpHs MCIOJIb3YETCs ClleAyomas popmyia:

z, :E/r(COScp+isin(p) = Xx(cos y+isiny) :E/F(cosmﬂsinm),

n=0, 1, 2.

3,TI/; HaWJICHHBIC YMCIIA SIBISIOTCS BEPIIMHAMY MPaBUIILHOIO TPEYTOJIbHUKA,
BIIMCAHHOI'O B OKPY’KHOCTbH C IIECHTPOM B HadaJjie KOOPIAUHAT U C PAJILYCOM Ir
B JlexapToBoii cuctemMe KOOpAMHAT

Ipumep 2. Halinure KyOM4ecKuii KOpeHb KOMIIJIEKCHOTO urciia Z=1 u yka-
JKUTE Ha YEpTEKE.

Tax kak Moaysb 3TOro uncia r=1 u apryment ¢=0°, To

Z, :%:l.(cosw_kisin&sﬁon), n= 0, 1, 2.

Orcrona, mpu N=0 z,=1-(cos0°+isin0°)=1,

V3.

1
[Mpu n=1  z,=1-(cos120°+isin120°)=——+—/1,

2 2
iy 1 3.
ITpu n=2 22=1'(c05240°+|sm240°)=—E—7|-

MOXHO YBHAETH, YTO TH YHCJA MPEACTABISIOT
BEPIIMHBI MPABUIIBHOTO TPEYTOJIbHUKA.

[Tpu uW3BJICUECHUU KOPHS YETBEPTOH CTENCHHU U3
KOMILICKCHOT'O YHCJIa UCTIONb3YETCs CIIEITYFOIIast (popMyia:

z, :{‘/F(COS(p+iSin(p) =<‘/F[cosq)+346o n+isin(p+3460 nj’ n=0, 1,2, 3.

Ipumep 3. VI3BnekuTe KOPEHb YSTBEPTOM CTEIICHH U3 KOMITJICKCHOT'O YHCIIa Z=I.
Tak kak MOyJIb M apryMeHT 3Toro yucia r=1 u ¢=90°, to,

2, = 4/1(c0s90° + isin90°) =1.(Cos 90°+360°n . 90°+360 nj-

puc.5.

Otcrona ipu: N=0 umeem z,=c0s22,5°+isin 22,5°,
[Tpu n=1 umeem z,=cos 112,5°+isin 112,5°,
[Tpu n=2 umeem z,=cos 202,5°+isin 202,5°,
[Tpu n=3 umeem z,=cos 292,5°+isin 292,5°.
DTH YKcaa SABISIOTCS BEPIIMHAMM KBajapara,

BIIMCAHHOTO B OKPY)KHOCTh C IIEHTPOM B Hayaje

KOOpIWHAT U paguycoM 1 (puc.6).
puc.6.

(85]



Bomnpocs! u 3aganus

[To kakoit hopmyne m3BIEKaeTCs KBaApaTHBIM KOPEHb W3
KOMILJIEKCHOTO uncia?

YupaxHeHus
N3BnekuTe KBagpaTHBINA KOPEHb U3 KOMILIEKCHOTo uncia (35-36):
35. 1) z:ZS(cosE+i~sin£j; 2) z=£(cos£+| sm—j
3 3 4 18 18
T . . T 3n 3n
3) z=cos—+1-Sin—; 4) z=c0S—+1-Sin—;
5 5 4
5 z= (cos—+| smlj 6) z=i(cos£+i-sin£);
30 30 49 8 8
3t . . 3m.
7) Z=C0S—+i- sm— 8) z=cos—+i-sin—;
10 10 2 2
T . . T 1 T . . T
36. 1) z=2|cos—+i-Sin— |; 2) Z=—| coOS—+1i-Sin— |;
) ( 3 3] ) 2( 8 8]
3) z:cos£+i-sin£; 4) z_0053—+| smg—TE
4 4
T, . T 16 T, . T,
5) z=2| cos—+i-sin— |; 6) z=—| cos—+i-sin— |;
2 2 9 8 8
7) 2:5(cos%+i-sin%); 8) z —cosZ+i-sinZ.
YHPA’KHEHHUE K I'JIABE IV
37. Beruuciwure:
1) (3+4i)(2-5i)+(3-4i) (2+5i); 2) (1+3i) - (4+i°);
1-2i)°
S)Q; 4) 5-7i+8i% -9i° +i*.
1+3i
38. BrlmoaHuTe IeiCTBUS:
2
—J3i -13i (1+2i
1)Z:1ﬁ| 9,22 1_3|+(.+ )_‘ 3 4i
3i 8+ 6i i+3 (3-i)?

Boeruucnure (39-42):
39. 1 (L+i)%; | 2)(1—i)4(—2@+2|) | 3) @+ i) 1-i)™,

‘



40.

41.

42.

43.

44.

45.

46.

V3 +i ° 243 - 2i J2 i 10
)| —— ; 5 ; 6 . .
)( 1-i ] ‘ )(—l+i)(\/§+\/6i) )( 1+i J
1) Zzﬂ; ‘ 2) Z:(1+?i) —3i10; 3) Z:[l_—?j :
3-4i 2 1+i
4)z:3+2_i iv- ‘ )(4—|) 6)2;3_i.
1+4i 3+4i 1—4i
) 2+5i  2-5i, 2 12+5_i+(2—i?2;
2-5i 2+5i 6-8i 1-2i
a0 a3, (4+3i)(2+3i)
3) (2-3i) —(2+3i); | 4) o :
5) 33+5i  2-5i. 6) 12—5.i+(2+i?2.
2-51 2+5i 6-8i 1-2i

1) (2—2i)~2«/§(cos?0"+isin 70° ) ‘ 2) (cos(—gjﬂsm(——j) («/_ 3I)

BrinonmauTe neiicTBuA:

V31

1) 5(005100 +|sm100) (_JFEI} ‘ 2) (6+6i):3(cos75°+isin75°).

BosBennure B cTENEHD:

1) (1—x/§i)3;

3n

3n _ Y
2) (cosTHsmTj ; ‘ 3) (£+—3lj ;
4) (1—\/§i)5; ‘ 5) (cos%ﬂsm%ﬁj ; ‘6) [i+ilj .

Brruuciaure KBa,Z[paTHBIﬁ KOPCHb!:
) J-27i;  2)\6-6v3i; | 3)8+8J3i;
il [—B-il

[IpoBepbTe paBEeHCTBO:
(sin 26°+ic0s154°)-(sin 27°+i c03153°)3
2) : _ — 1.
sin17°—icosl7°

“

| 4) J=256.




47. Bpruncnure KyOU4ecKuil KOpPEHb:

+i; | ¥4 | e | - | 5 is
48. 113BieKUTE KOPEHb B UYETBEPTON CTETICHU

DY-1;, | 246 | yY+i; | 4 -i; | 5)Y-16.

OOpa3ubl KOHTPOJILHON PadoTHI
1. Bsruuciure: (35-71)-(4—61).
8-i

40+3i
YmuOoxbTE: 3(c085°+isin5°)-8(cos3°+isin3°).
Bossenute B crenenb: (3(cos4°+isingd©))S.

Brinmomnure nenenne:

B B B

W3Bnexnure KBagpaTHbINA KOPEHb: /64 .

OTBETbI

I'nasa 111
73. a) SIBnsercs QyHKIUCH, Tak Kak BCce aOCIUCCHI pa3HbIe; b) He siBlisseTcs pyHKIUEH, Tak
KaK, B JIBYyX TOUKax aOCI[UCCHI X - OJIMHAKOBBIC; C) HE SIBJISACTCS (PYHKIIMEH, TaK KaK a0CIIUCCHI
X BCEX TOYEK OfMHAaKOBbIC, d) siBmgeTcs (QyHKIMEH, TaK Kak Bce aOCLUCCHl X pasHBIE;
e) siBisieTcst QyHKIUEH, Tak Kak Bce abcuucchl X pasHbie; ) Tak kak aOCLUCCHI X BCEX TOUEK
OJIMHAKOBBIE, TO HE siBIIsieTcs GyHKiuen: 74. a) Dyukius; b) pynkuus; c) yukius; d) He
apisiercst QyHKUuMeH; €) pynkuus; f) ve siBnsiercst pyHkuuel; g) pynkuus; h) He siBisieTcs
¢ynknueid. 75. Het, nmo6as BepTukanbHas npsiMasi He siBisieTcss QyHKIUCH X.

.76. Her, y=+J9—x2. 77.2) 2, b) 8; ¢) —1; d) —13; ¢) 1. 78. a) 2; b) 2; ¢) —16; d) —68;
e) % 79.a)-3;b)3;¢)3;d)-3;¢e) % 80. a) 7-3a; b) 7+3a; ¢) —3a-2; d) 10-3b; e) 1-3x;
f) 7-3x=3h. 81. a) 2x*>+19x+43; b) 2x>~11x+13; ¢) 2x>-3x—1; d) 2x*+3x2—1; €) 2x*—x>-2;
) 2x*+4hx+2h?+3x+3h-1. 82.a) I) —% ; 1D —% ; 1D —g ; b) x=4. 84.V(4)=6210. 310 11€HA

ycTpoiicTea uepes 4 roaa; t=4,5 — yepes 4,5 roaa nieHa ycrpoiicrsa Oyner 5780; IlepBoHa-
yanbHas [leHa ycTpokcTBa paBHa 9650.
85. 86. f(x)=—2x+5. 87. a=3, b=—2. 88. a=3, b=—1,

c=4.90. a) I) x>0; b) IT) 2<x<3; ¢) I) —2<x=<0;
IT) 0<x<2; d) 1) x<2; 1) x>2; e) II) XER; f)
I) XER; g) I) 1=<x<5; 1) X<1, x=>5; h) I) 2<x<4,
x>4; 1) x<0, 0<x<2; i) ) X<0, 2<x<6; IT) 0<x<2,
x>6. 92. a) V(0)=25000 eBpo. DTo mnepBoHa-
YyajbHasi CTOMMOCTEL ABTOMAIIINHEI;

b) V(3)=16 000. D10 CTOMMOCTH aBTOMAIIMHBI Yepe3 3 roxa; c) t=5.



93. a) 0 1 2 3 4 5 19%.a) 0 2 3 4 5
C| 60 | 105|150 | 195|240 | 285 265|254 243 (232|221 | 210
b)
(MHH)
b) C=60+45t; ¢) $ 352.50. o) V() =265-11t;  d) 1) 100 1.

95. a) /la; b) Her; ¢) na; d) ma; e) na; f) vet. 96. a) Het; b) na; ¢) na; d) na; e) mer; f) Het.

97. a) x==3; b) x==2 wm —3; ¢) x=1 unu 4; d) He umeeT AeHCTBUTEIHLHOIO PEIICHUSI.
98. a) I) 75 m; 1) 195 m; I11) 275 m; b) 1) t=2 cex wmm t=14 cex; 11) t=0 cex nmu t=16 c.
99. a) 40 TeIcs4, 480 THICSY; b) 10 WITYK, Mw 62 MTYKH.

100. a)

c)

X|-3|-2|-110|1[2]3]|b X|(-3|-=2|-110| 1|23

y| 1 |-2|-3[-2|1]|6]13 y|6 |1 |=2|-3|-2|1]6
3|2|-1]0]1]2 d) 3 |2|-1{0|1|2]3

y|15{ 8|30 |-1(0 -10({4|0 22|04




yl25|16/9 4|1 |0]1 y|-17]4[510]11]8

101.2)3;b)—1;¢c)—4;d) 1;e) 5; 1) 0; g) 8; h)—5;1) 2. 102. a) 3; b) —6; ¢) 49; d) 15; ¢) 0; f) 20.
105. a) x=3; b) x==5/2; ¢) x=1; d) x=—4; e) x=3; f) x=—4. 106. a) x=4; b) x=—2; ¢) x=1;
d) x=11/2; e) x=5; f) x==2. 107. a) x=3; b) x=4; c¢) x==5/4; d) x=3/2; e) x=0; f) x=7/10;
g) x=3; h) x=5/3; 1) x=—4.108. a) (2, 3); b) (-1, 4); ¢) (3, 8); d) (0, 3); e) (-3, —18); f) (1,-1);
g) (1/2,-5/4); h) (3/4,-7/8); 1) (6, 7). 109. a) y=2(x—1)(x-2); b) y=2(%-2)%; c) y=(%—1)(x-3);
d) y=—(x=3)(x+1); €) y==3(x=1)% f) y==2(x+2)(Xx=3). 110. a) y=3/2(x-2)(x—4);

b) y=—1/2(x+4)(X-2); c) y=4/3(x+3)?; d) y=1/4(x+3)(X-3); €) y=—(X+3)(X-3);

f) y=4(x=1)(x=3). 111. a) 3m; b) 0,5 cek; c) 4 m.

113. a) b)

Hepuoau- HE TepHO-

YECKHI; JINYECKH;

c) d)

HE TIepPHO- HE TepHo-

JIMYECKU; JMYCCKHIL

114.a) BbicoTa (cm) b) YpaBHeHHEe OCH, MAKCUMYM, MEPUOL,
aAMIUIUTYJIbl COOTBETCTBEHHO PaBHBL: Y=32;
64 cm; 200 cMm; 32 cm.
115. a) nepuoauyeckuii; b) nepuoandecKuii;
¢) mepuognueckuii; d) He MepruoIuICCKAM;
) nepuoanveckuii; f) meproauuecKuii.

paccrosiHue (cM) | 116. a) 2; b) 8; ¢) (2,1); d) 8; e) y=—1.




119. a) 90°; b) 90°; c) 1080°; d) 600°;

120. a) b=2/5; b) b=3; ¢) b=1/6.

121. a) y=3sinX; b) y=sinX-2; ¢) y=—2sinX—1;
d) y=sin2x; e) y=—4sin(x/2); f) y=sin(x/2);
g) y=2sin3X; h) y=2sin2x-3.

0




124. a) 120°; b) 1080°; ¢) 720°. 126. a) y=2co0s2X; b) y=cos(x/2)+2; ¢) y=—bXcos2x.

s T s T I s
127. T=9,5c08(30t)-9,5. 130. 1) 0;2) —;3) —;4) ——. 13L. 1) ——;2) ——;3) —;
(301) ) 05 2) 3 ) 5 ) 3 ) 2 ) 5 ) >

4 -I 3.1y Xy o 3T 4yn136.1)0:2) 2F 138, 1) 3 ) 140 1)2
——.132.1) —;2) —;3) —;4) n. 136. ;2) —.138.1) —; 2) —x. 140. 1) 2m;
2 2 6 4 3 2

I
2) 7 . 142. 1) umeeT cMbIcH; 2) HE UMEET CMBICTA; 3) HE UMEET CMBbICTA.

144. 1) x:(—l)“+1%+nn, neZ. 146. 1) x:i%+2nn, neZ.
148. 1) x:—%+nn, neZ. 150. 1) x:iz—;+2nn, nelZ.

151. 1) x=(-1)" Z4nm, nez. 152.2) x=-2 4+ nez.
4 24" 4

153. 1) x, =km, x, :%+kn, keZ.

1 T T Nm
156. 1) x, =(-1) 1Z+n1r, X =gt neZ.




157. 1) X, :—g+ 2nm, X, = (—1)"g+ nm, neZ.
158. 2) x:iarccos(l—g)Jann, neZ. 159.2) x :—%+ nm,

X, =arccos4+nm, neZ. 160. 1) x=2%, neZ; 3) Xlzn—zﬂ:’

T N T 5n T T T =
= T Z- . —_ — - — |, __;_ .
X =1g+s NeZ 162 1)[6, 6)’ 2)( 4,4),3)( 2 2)

3 5
163. 1) [%+2nn; %n+2nn} neZz;?2) (£+2nn; Tn+2nnj, neZz;

3) (‘%* nm; —%+ nnj, nez. 167.1) [—% nm; g+ nn}, neZ. 173.1)y=2x+6.

174.1) y=13- X1—_7l 175. 1) x*+y*=49, okpyxHoctb. 176. 1) (Xx-3)*+(y—7)*=36,

OKPY>KHOCTb.
177. 1) 3; 2) 1; 3) 4; 4) 4. 178. 1) Gonpbiue; 2) mensbine. 180. 1) obmacts omnpe-
nenenusi: (—oo;+o0), obnacte 3HaueHui: (0; +o0), (—oo; +o0). 181. 1) Bo3pac-

4
Taetr; 2) yoObiBaer; 3) Bo3pacraet. 183. 1) (—o; 1]; 2) (—00;6); 7) [1; +oo];

12) (o0} -2-+/34) U (-2++/34; +0). 184. 1) (~o0; 2]. 185. 1) 3; 2) —2; 3) —2;
4)-3; 5) 3. 186. 1) 6omnbie; 2) 6onbie; 3) mensie. 187. 1) 2; 2) 5; 3) 125;

1
4) 45;'5) 553 9) 2. 188. 1) (2,55+00); 2) (o= U(3s+o0); 3) (-2:2).
1
190. 1) 753 2) 1;3) 45 4) 2, 8) 25 10) 0.5 1 L; 15) % 1 49. 191. 1) (64;+0);

2) [o; %j U27;+0); 7) (2:5).

192. a) 3 m?; 193. a) 50;
b) I) 3,45 m?; 1) 6 m%; 111) 24 m?; b) I) 76; IT) 141; I11) 396;
c) c)

(rompn)

(93]



194. a) V; b) 2V; c) na 100%; d) na 183 npouenra.

195.2) 250 1; 197. a) 100°C;
b)I) 112 r; I1) 50,4 r; I11) 22,6 T b) I) 81,2°C; II) 75,8°C; I1I) 33,9°C;
c) c)
(MwuH)
d) =346.
198. a) 0,6 ammep; 199.2a) L; b) 99%. 200. [TpuGnu3uTensHO
b) I) 0,424 ammep; I1) 0,106 ammiep; 3 ygaca 15 mun. 201. 37,8 Mecsi1ies.
I1I) 0,0188 ammnep; 202. 10,8 MUHYT.
C) 203. 22,7 net. 204. b) 1.
205. a) {—14; 3; 15}; ¢) {—4:4}.
206. a) (—00; —EJ U (E 2)-
3 2
207. a) (—o0;—6]U[-2; +o0).
208.2) (—2; _1_\/5Ju[_1+\£ ;+ooj;
2 2
¢) (—o0;—2)U[1;+00).

209. a) {(7:;8);(8;7);(-7;:—8);+8;=7)}. 212. a) 3; b) 2. 213. a) meHbIIe; b) MCHB-
mre. 216. a) (—o0;—1]U[1;+); b) (—o0;+0). 217. a) (0;1]; b) (3;+); ¢) (—o0; 0).
218. a) %; b)Owu 1;¢c)1u-2.219.¢)0. 220. a){(2;3);(-3;8)}. 221. a) (—0;0];
b) (—o0;1,5). 222. a) menbIie; b) 6omabime. 223. a) (—3,5; +©); b) (-2;2).

224. a) 2+/5. 225. b) (100000;0,1). 226. a) (3;1). 227. a) (—o0;—2]U[1;+0).

1
229.a)meHnsblr1e; b)oombiie. 230.2) —Z?TE 23l.c) X, = % +N7, X, = al’CCOSZ +nm, ne”Z.

T n T mh T Nxw
234. ——+2nm,—+2nn |, ne Z. 235, ——t——+— |, ne’.
3 a)(a ™6 nj © 350)(18 9 27 9) ©

I'naBa IV
1. 7) Re(z)=-7, Im(2)=3; 8) Re(2)=8, Im(2)=5; 9) Re(z)=—0,5, Im(z)=—6;
10) Re(2)=-5,7, Im(z)=-5; 11) Re(2)=0, Im(z2)=-5; 12) Re(2)=90, Im(z)=0.

6.1)2=7,2; 3) 2=4+3i. 8. 1) 16; 3) 3+i. 10. 1) 8i; 2) —1-5i; 3) —3+i. 12.2) 1%-% :



23 2. 5 2. 12
4. 1) ———i;3) ——=i.16.2) —.20.1)10;2)4;3)2;4)2.22.1) 0;
) 3 13 )3 3 )13 ) )4;3)2;4) )
T

2) 3m :3) Un oy, 1) 2(0057—n+i-sin7—nj va 2-e 4.
2 6 4 4

28.1)z,-2, = coslg—n+ I-sin 13_71. 30.1) cos = +i-sinZ. 32.2) cosz—n+ I-sin E
12 12 4 4 3
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PA3JIEJ IV

\
IHHAPAJUIEJABHOCTD ITPAMBIX U )

NJIOCKOCTEM B NIPOCTPAHCTBE y

B3AUMHOE PACHOJOXEHUE NIPSIMbBIX U
IMJOCKOCTEN B IMPOCTPAHCTBE

\

JIBe nipsiMbie @ ¥ b B IpOCTpaHCTBE HA3BIBAIOTCS NAPALIENIbHIMU, €CIIA OHH
JIe)KAT B OJTHOM TUIOCKOCTH | HE TiepecekaroTces. [lapaiiensHoCTh npsMbIx @ u b
obo3Hauaercs Tak: al|b.

B mnockocTu uepes 3aJaHHYI0 TOYKY MOXHO NMPOBECTH €AWHCTBEHHYIO
NPsIMYI0, MapaJuIeNIbHYIO 3aJaHHOM NIpsAMOM. Takoe CBOMCTBO CHpaBENIMBO U B
IPOCTPAHCTRBE.

Teopema 4.1. B npocmpancmee uepe3 n100y0 mouKy, He J1exHcauiyio Ha
OAHHOIU NPAMOIL, MOHCHO RPOBECHIU EOUHCMEEHHYI0 RPAMYIO, RAPAJINENb-
HYI0 IMOU nPpAMOu.

/lokazamenscmeo. 1lycts @ — 3a1anHas nps- @

Masi © M — Touka, He JiexKalasi Ha 3TOW mpsiMoi 2) T
(puc.la). ITo noxazanHoii Teopeme 2.1- yepes 3a- M
TAHHYIO MPSMYIO & U HE JIEXKAIIYI0 Ha HEH TOUKY

M MOXHO IPOBECTH €AMHCTBEHHYIO IJIOCKOCTb.

A B TUIOCKOCTH 0. 9Yepe3 TOUKy M MOXKHO Tpo-

BECTH eJIMHCTBEHHYIO IpAMYyI0 b, mapannensuyro 0 a b
3a/TaHHOM TIpsiMOH a (puc.10). M

W 3ta npsimast eCcTh €IMHCTBEHHAs] MCKOMast
npsivast b. U

Ecnu ogna u3 n1ByX mapamienbHBIX MPSIMBIX, JEKAIUX B IJIOCKOCTH, Tepe-
CEKaeT TPETHIO NMPSAMYI0, TO BTOpasl psiMasi TOXKE Mepecekaet 3Ty npsamyto. [o-
N0OHOE CBOWMCTBO CIPABEUIMBO U B TIPOCTPAHCTBE.

Teopema 4.2. Ecnu 00na u3 08yx npamulx, 3a0aHHbIX 8 HPOCMPAHCMEe, nepe-
ceKaem niioCKOCmb, Mo U 6Mopas NPAMAs Moice Nepecekaem 3y ni0CKOCHb.



Jloxazamenvcmeo. [lycts b 1 C 3a1aHHBIC IPSIMBIC U OJJHA U3 HUX — MIPSIMast

b — nepecekaet miockocTh B B TOuke M (puc.2).
Tak kak npsiMbie D ¥ ¢ TapaIeIbHbI, TO OHU JIEKAT
@ B OJIHOM TJIOCKOCTH. IIycTh 3Ta MiockocTs — .
Touka M ob6miast anst miockoctedt B u y. Torma o
akcuoMe S3 3T IUIOCKOCTH MEPECEKA0TCs MO €UH-
CTBEHHOM mpsiMoii |. DTa mpsiMast JIe)KUT B IIIOCKOCTH Y
U niepecekaet npsamyro b B touke M. [TosTomy 3Ta nipsi-
Masl IEPECEKAET U NMPSIMYIO C, apAJUIEIbHYO IPSIMON
b B Touxe N.
Tak kak mpsimast | Takxe JEKHUT B MIOCKOCTH
BB, To 1 Touka N mpuHaexuT mwiockoctu . CiaemoBarensHo, Touka N — oOmas
TOYKa IJIOCKOCTEH B 1 7.

Tenepr mokakeM, 4TO MpsMas C He UMEET JAPYTYIO OOMIYI0 TOUKY ¢ TUIOCKO-
ctbio B. IIpennonoxkum obOparnoe. IlycTh mpsimast C UMEET U IPYryro OOIIyIO
touky K ¢ mmockocteio . Torna mo akcmome S2 mpsiMasi C I€KHUT B TUIOCKOCTH
. Torma mpsimas C siBasieTcst o0wedt 1 miockocred B u y. Ho takoit mpsmoit
obuta |. OTcroma BeITEKACT COBIAACHUE MIPSIMOH C ¢ TIpsiMoii |. A 3TOTO HE MOXKET
OBbITh, TaK KakK MpsiMasi b mapasuienbHa npsiMoit C U nepecekaet npsmyto |. 3to
MPOTHBOPEYHE YKa3bIBACT HEBEPHOCTh HAIIETO JommyIneHus.

Kak BaM HM3BECTHO M3 MJIAHUMETPUHU, UTO €CIIM KaK/1as U3 ABYX MPSMBIX Ma-
pajuiesibHa HEKOTOPOU MPSIMOM, TO OHU B3aUMHO MapaJuIesIbHbl. ITO CBOWCTBO
CIIPaBEIMBO B MIPOCTPAHCTBE U HA3BIBACTCS IIPU3HAKOM NAPaJUIEIbHOCTH.

Teopema 4.3. Ecnu 06e npamvle napaiieibHsl mpemueil nPAmMoil, mo oHu
63AUMHO NAPAIEIbHBL.
Jlokazamenvcmeo. [Tpennonoxum, 4To npsiMpie M U N napasuiebHbI TPSIMOI
p. Jlokaxkem, 4TO psiMble M U N JI€KAT B OJHOM INIOCKOCTH U HE NIEPECEKAOTCS,
m.e napaienbHbl.
Ha npsimoii m oTMeTuM Kakyro-HUOyIb TOUKY A 1
@ 4yepe3 3Ty TOUYKY U IPSAMYIO N MPOBEAEM IIIIOCKOCTh OL.
JIokaxem, 4To npsmasi M JIEKUT B 3TOU INIOCKOCTH QL.
[Ipeanonoxum, 4yTo 310 HE Tak. Tak Kak mpsaMas m
MMEET OOIIYTO TOUKY C ITOCKOCTHIO 0L, TO OHA TIepeceKa-
€T ATY IJIOCKOCTh. Torna o reopeme 4.2 3Ty MI0CKOCTh
MepeceKaroT U npsiMas P, napajieiabHas nIpsMoil M, u
npsiMas N Toxe napajienbHas npsaMon p. Ho takoe
HEBO3MOXHO, TaK KaK MpsAmMasi N JISKUT B ITIOCKOCTH o.. Clie10BaTeNIbHO, IPSMbIE



M 1 N JeXxar B MIIOCKOCTH o (puc.3).

Terneps mokaxeMm, 4TO TH TPsIMBIE HE TepeceKaroTcst. OMATh MPETOT0KIM
oOparHoe. JlomycTum, 4To M U N iepecekaroTcst B Hekotopoii Touke B. Torna yepes
TouKy B mpoxozst nBe npsMbie M u N, napasuienbHble npsmoii P. [1o Teopeme 4.1
Takoe HeBO3MOXxHO.

Termeps mOKax)eM CIEAYIONME CBOWCTBA MapalyIesieuIea.

Cesoiicmeo 1. B napannenenunede ABCDA B,C,D, (puc.4) uemuwipexyzons-
Huxk ACC,A,, obpazoseannvlit uz 60Koevix pebep u ouazonaneii 0CHOBAHUIL,
A6NIAEMCA NAPAILIEN0ZPAMMOM.

HeiictBurtensHo, rpanu ABB,A, u BCC,B, o ompene- @

JICHUIO Tapajuiefienunesia, napayuieaorpaMmbl.

[IpoTHBOTIOMOXKHBIE CTOPOHBI 3TUX MapaIesio-

rpaMMOB B3auMHO paBHbl. B wactHocTH, AB = A B, n

BC =B,C,.
[To ompenenenuto napamienenunena AA, || BB, u
BB, || CC..

Torma mo reopeme 4.2, AA, || CC, u AA, = CC,.Crueno-
BaresbHO, yeThipexyroibHuK AC,CA| — mapanenorpamm.

Ceoiicmeo 2. IIpomueononoicuvie cpanu napainie-
nenuneoa ABCDA B,C,D, e3aumno pasnui. @

[To Benmenpuseaennomy cpoiictBy, AC,C A, — ma-
pasenorpamm u AC = A|C,. Torna tpeyroasauku ABC
u A,B,C, paBusI o Tpem croponawm, yriel ABC u A,B,C, “

Takxke paBHbI. B pesynsrare napamnenorpammsl ABCD u
S Re
AB,C,D, Toxxe B3aUMHO paBHBI. R
PaBeHCTBa OCTalIBHBIX I'PAHEU TOXKE JOKA3BIBACTCS N
00GHBIM 00Pa3OM.
Ceoiicmeo 3. Bce ouazonanu napannenenuneoa nepe- ~

ceKaromcea 6 0OHOU MOYKe U 6 IMOI MoUKe OenAmcs
nononam (puc.5).

ITo cBoiicty 1 AC,CA, —nmapannenorpamM. Toraa tuaroHaiu 5TOro napasie-
norpamma A,C va AC, mepecekaroTcs B OTHOM TOUKE U B TOUKE JICTICHUS JCIATCS
HOTIOJIAM.

[Tomo6HBIM 00pa3oM JOKa3bIBACTCS IEPECEUCHUE OCTATBHBIX TUArOHAJICH 1
UX JIeJICHHUE MOT0JIaM B 3TOM TOUKE epeCceUeHusl.

Otpesku (Jryun), Texarniye Ha OAHON IPSIMOH MITH Ha TTapaJuUIeIbHBIX MPSMBIX
HA3bIBAIOTCS 83AUMHO NAPAIENbHLIMU OMPE3KAMU (IyUamul).
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@ A 3aoaua. Jlokaxxure, 4TO CEpeIMHBI CTOPOH POCTPAH-
CTBEHHOTO YETBIPEXYTOJIbHUKA, BEPIIMHBI KOTOPOT'O HE Jie-

A
1 9
D, g ’KaT B OJIHOM IUIOCKOCTH, SIBJISFOTCS 1apaiIesior PaMMOM.
Jlokazamenvcmeo. Jlomyctum, yto ABCD — mpo-
D CTPaHCTBEHHBIN YeThIpexyronpauk, a A, B, C,u D, —
. CepeMHBI CTOPOH TaHHOTO YETHIPEXYTOIbHHKA (PHC.0).
C, I Torga orpe3ok A,B,— cpenHsst TMHUS TpEyrojbHUKA

ABC, napamnensnas cropone AC, a C,D, — cpennss

muaus Tpeyroiaparka ACD napannenshas ctopone AC.

C ITo Treopeme 4.3 npsimbie A, B, u C,D, napannensHsl.
CrnenoBatenbHO, OHU JIEXKAT B OJTHOM MIIOCKOCTH.

Todno TakuM 3xe 00pa3oM JT0Ka3bIBACTCS apauIeTbHOCTh psiMbix A, D, u B,C,.

Taxum 00pa3oM, ueTbipexyroiabHuK, A,B,C,D, nexuT B 0nHOI MI10CKOCTH, a
€r0 MPOTHUBOMOJIOKHBIE CTOPOHBI MapasuieabHbl. CenoBaTebHO, OH SBIISETCS
napaienorpammom.

Ecim 1Be npsiMble B IPOCTPAHCTBE B3aMMHO IEPECEKAIOTCS WIIM B3aUMHO Hapajl-
JIeJIbHBL, TO OHU JIEXKAT B OTHOM TIOCKOCTH (puc.7a u 70). B mpocTpaHcTBe NpsiMble, He
JIeKalye B OHOM IIOCKOCTH Ha3bIBAIOTCSI CKpeuusarouuemucs, npsmvimu (puc.7.B).

CkpeuuBaroniyecs npsiMble MOKHO OTIPEAETUTH IO CIEAYIOIEMY PU3HAKY:

@ a) 0) B)

Teopema 4.4. Eciu 00Ha u3 08yx npamvix J1edcUm ¢ HEKOMopoil nJ10CKOCHU,
a opyzasa npamas nepecekaem 3my nja10CKOCMb 6 mouke, He nexcauiell Ha
nepeoll npaAmMOoIl, mo IMu NPAMbIE CKPEUUBAIOUUECH.

Jlokazamenvcmeo. Jonyctim, 4To npsiMast P JIEKUT B IFIOCKOCTH O, IpsAMast

( mepecekaeT 3Ty NpsIMYyI0 B TOUKe A, HE IpUHAJIe-

Kariei mpsimoi P (puc.8). JlokaxkeM, 4To mpsiMbIe P
U ( — CKpELMBAIOLIUECS MIPSIMBIE.

[Tpennonoxum oOpaTHOe: MyCTh MpsiMbIE P U (

Je)at B HEeKOTopoii miockoctH 3. Torna miockoctu 3

NPUHAJICKUT U TipsiMasi P 1 Touka A. B cBoro ouepep,

TOYKa A IpUHAIEKHT U TUIOCKOCTH 3. CiaenoBaTeib-



HO, INIOCKOCTH O ¥ 3 coBragaoT. B pesynbrare
MOJTy4MJIOCh, YTO IpsiMast (, HE MPUHAIJIEKA-
111as1 TNIOCKOCTH O 110 YCJIOBUIO, IIPUHAUIEKHUT
en. [lonydueHHOE MPOTHUBOPEUHNE MOKA3BIBAET
HEBEPHOCTB HaIero jpomymeHns.

Menbmmii U3 AByX MPUIIEKALIUX YIIIOB, I10-
JY4MBLIUXCS TIPU IEPECEUEHUU JBYX IPSAMBIX,
Ha3bIBACTCS Y2I0M MeNHCOY NPAMBIMU.

VYoM MeXay CKpeIMBarOIIMEMUCs Mpsi-
MBIMHM Ha3bIBAETCS YIOJ MEXIy IepeceKaro-
IIMMUCS NPSIMBIMH, NTapalIeIbHBIMU JTaHHBIM
npsiMbIM (puc.9).

JUis HaxOXKIEHUs yIvla MEXy CKpeluBa-
foumMucs npsMbivu (puc.10):

1) BeIOMpaeTcst HeKoTopasi Touka A;

2) u3 Touku A TIPOBOZSTCS TIPSIMBIE &, U D, apayuiebHbIe CKPEIIMBAOIIAMCST

NPsIMBIM;

3) u3MepsieTcst yroia MeKIy STUMU NPSIMbBIMU.
[TonymaiiTe 0 HE3aBUCHUMOCTH PE3yJIbTaTa 3TOr0 aJIrOPUTMa OT TOUKHU A.
JIBe mpsiMble HA3bIBAIOTCS MEPHEHAMKYISIPHBIMU (B3aMMHO MEpPHEHINKY-
JISIPHBIMH ), €CITU YTOJI MEXKIy HUMHU paBeH 90°. Yrom Mexay napauieaTbHbIMU
IPSIMBIMU cUUTaETCA (IPUHUMAETCs) paBHbIM 0°.

E Bonpocwt Kk meme u ynpasxccnenus

Kaxkue ceoticmea npsimulx vl 3uaeme?

SR W N~

Kax onpeoensiemces yeon mexcoy npsmvimu?

Chopmynupyiime npusHax napaiieibHoCmu NPsIMulx.
Kaxue ceoticmea napannenenuneda vl sHaeme?
Chopmynupyiime npusHax CKpewu8arOuWuxcs NPImulx.

6. Moeym nu 6vims napanienbHbiMu CKpewusaowuecs npavvie?

4.1. Onpenenute mapbl mapajjiebHbIX pelep: a) mapajuiesenunena

ABCDA B,C,D, 6) mpusmst ABCA,B,C,.

4.2. Kakue nupaMuipl IMEIOT apajuienbHble pedpa?
4.3. B mmockocTy, ecnu npsiMasi IepecekaeT OHY M3 MapaJUICIbHBIX MPSIMBIX, TO
OHA [IEPECEKAET U BTOPYIO MpsiMyr0. CIIpaBeIMBO JIM 3TO CBOWCTBO U B IPOCTPAHCTBE?

4.4. Haiinure BepHbIE YTBEPKIACHUS:

a) B mpocTpaHcTBe yepe3 TOUKY, HE JIEXKAIIYI0 B IPSIMOM, MOKHO MPOBECTH
MHOECTBO MPSIMBIX, APAJUICIBHBIX 3TON IIPSAMOU;
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0) ABe npsMbIe, MapaiedbHble TPEThEH MPSMOIL, B3aUMHO MEPECEKAI0TCS;

B) €CJIU JIBE IIPSMBIE JIeKaT B IUIOCKOCTH, TO OHU II€PECEKAIOTCS;

I) uepe3 NpAMYIO U TOUKY, He JIEJKAIIyI0 B HEM, MOJKHO IIPOBECTH JIBE pa3HbIE
IUIOCKOCTH; 1) Yepe3 TOUKY B IPOCTPAHCTBE, HE JIHKAILYIO B INIOCKOCTH, MOYKHO
IIPOBECTH MHOYKECTBO MPSAMBIX, IEPECEKAIOIINX 3Ty IJI0CKOCTb.

4.5. B orpe3ke AB BeprinHa KOTOPOro A JEKUT B INIOCKOCTH O, BbIOpaHa
touka C. [lapamnensHblie mpsiMble, TPOBEICHHBIC uepe3 Touku B u C mepecekaror
MIOCKOCTh O B Toukax B, m C, coorBerctBenno. Haiiaure nmuny orpeska CC,,
eciu a) C cepennna orpeska u BB, =14 cm; 6) AC:CB =3:2 u BB, = 50 cm.

4.6. lansr mapamtenorpamm MNOP u tpanemmst MNEK ¢ ocroBannem EK
HE JIe)Kallle B OJHOM IUIOCKOCTHU. @) OIpPENEIUTE B3aUMHBIE PACIOIOKEHUs
npsmbix PO u EK; 6) ocHoBanus tpaneunn MN =45 cm, EK =55 cM 1 MoxkHO
BITMCATh B HEE OKPY)KHOCTh. Haliiute mepumerp TpeyroipHuKa.

4.7. Tlpsimble @ u b exar B ofHOM MmI0cKoCTH. [ToKaknuTe MX BCEBO3MOYKHBIE
B3aMMHbBIE PACTIOIOKEHUS.

A) a u b mapamiensHsr; 6) a u b mepecekarorcs; B) a u b He mepecekarores;
r) @ u b ckpenmBaromyecs npsmbie; 1) a u b He mapannenbHbL.

4.8. llpsavele @ u b mapannensHbl npsiMoil C. Kak MOTYyT B3auMHO
PAacCIOIOKUThCS TIpsMbIe & 1 D?

4.9. Ha puc.11 mockoctu o ¥ 3 mepecekaroTcs rmo npsmoit b. a||b, Ho mpsimbre
C u b He mapannensHpl. OnpeienuTe B3aUMHOE PACTIOIOKECHUE MPSIMBIX @ | C.

4.10. Ha pwuc.12 Touka M nexxut Ha BHemHEH obmacti TpexyronbHika ABC.
Haiimure ckpermuBaronecs npsmbie ¢ npssmbivua MA, MC, MB.

4.11. Hapuc.13 npsamas PQ siexut Bo BHEIIHEH 00/1aCTH YeThIPEXyTOIbHUKA
ABCD u napannensHa BC. Kakue npsimeie a) PQ u AB; 6) PQu CD; B) PQuAD ?

4.12. Ha puc.14 touka M nexut Bo BHemHel obmacT Tpeyroiasauka ABC.
Cepenuna orpeskoB MA, MB, MC, o603Ha4eHa COOTBETCTBEHHO TouKamH K,
F, P. xakme u3 sTux npsambeix B3auMmHo napamenbel: 1) KP;  2) PF; 3) KF;

4)KM: 5)PM; 6)FM; 7)AB; 8)BC; 9)AC ?



4.13. Touku M, N, U, V cootBercTBenHO cepenunbl pedbep AC, AD, BD u BC
nupamuasl ABCD (puc.15). Haitnure nepumerp uderbipexyroiabHuka MNUV,
ecim AB=20cm, CD=30cm .

4.14. Touku H, G, F, S coorBercTBenHo cepenunnl pedep MN, ML, LK u KN
nupamusl KLMN (puc.16). Haiigure nepumerp uetsipexyronsuuka HGFS, ecnn
LK =18 mm, MN = 22 MMm.

4.15. U3 npssMOI MOXHO ITPOBECTH JIBE Pa3HbIE IIIOCKOCTH. JloKaxuTe.

4.16. Jlansl 4eThIpe TOUKH, HE JeXkKallue B OAHOM MIOCKOCTH. CKOJIBKO
IUIOCKOCTEN MOXKHO ITPOBECTH YEPE3 TPU U3 HUX?

4.17. Touku A, B, C nmexar B Kax70i U3 ABYX IJIOCKOCTeH. [lokaxuTe, 4TO
3TH TOYKM JIEKAT B OJHOU IJIOCKOCTH.

4.18. JlaHbl IBe MJIOCKOCTH, TMepecekamiuecs no npsmoi a. [Ipsmas b
JICKUT B OJTHOW W3 HUX U MepeceKacT BTopyro. Jlokaxkure, 4To mpsmMbie a u b
IIEPECEKaroTCsl.

4.19. U3 Tpex mIOCKOCTEH KaXKable IBE B3aMMHO TiepecekaroTcs. Jlokaxmure,
YTO €CJIM U3 MPAMBIX MEPECEUCHUs TNIOCKOCTEH JBE MEPECEKAIOTCsl, TO TPEThA
npsiMast IIepeCceYCHHsI TOKE TIPOXOIUT Yepe3 ATy TOUKY.

4.20. Ecnu 1uaroHany 4eThIpeXyroJibHUKA MEPECEKat0TCsl, TO €r0 BEPIINHBI
JIe)KaT B OTHOM MJIOCKOCTH. JloKakuTe.

4.21. Touxu K, Z, M, N cooTtBeTcTBeHHO cepenunbl oTpe3koB SA, AC, BC, SB
TpeyroiabHoi nupamuasl SABC. Haiinute nepumetp dyetsipexyroabHuka KZMN,
eciim OOKOBBbIC peOpa MUPaMUJIbI PaBHBI D U CTOPOHBI OCHOBAHUS PaBHHI a.

4.22. TIpsimbie XU u VT napannenshsl, a npsMelie XY u VT ckperyBaromumecs.
Haiigute yron mexnay npsameimu XY u VT, ecau a) ~YXU = 409
6) 2YXU =135° B) 2YXU = 90°.

4.23. Tlpsimas | mapamnensha cropone BC mapamnenorpamma ABCD u He
JIGKUT B ero miockocTr. Jlokaxure, uro npsmeie | 1 CD ckpemmBaronimecs.

Haiimute yron mexay npsimbivu | 1 CD, eciti ofiMH U3 YIJIOB MUPaMUIBL: a) 58°;
6) 133°.
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B3AUMHOE PACIIOJIOKEHME ITPAMBIX U
IHJIOCKOCTH B ITPOCTPAHCTBE

Ecnu npsiMast ¥ IJIOCKOCTh HE NIEPECEKAIOTCS, MO NPAMAs U NIOCKOCHb
Ha3bIBAIOTCS napanieivuvimu. [lapanneabHOCTh NPAMONW M IMJIOCKOCTH
OIpeeNsIeTCs MO CIEAYIOLIEMY ITPU3HAKY.

Teopema.4.5. Echu npamas, ne nexcauiana 6 OGHHOIU NI10CKOCMU, RAPATI-

J1e1bHA KaKOU-HUOYOb NPpAMOIL, J1excauieil 8 IMoi nia0CKoCmu, mo oHa

napanienvHa OAGHHOU NIOCKOCMU.

Jlokazamenscmeo. 11lycts oL — MIIOCKOCTh, a —
npsiMasi, He JieXaliasi B Her, a, — npsMasi, Jexxarias
B IUIOCKOCTH O, ¥ TapaJijlesIbHas MpsIMOM a.

OueBUIHO, YTO TIOCKOCTH 0L U 0Ly IEPECEKAIOTCS
o npsiMmoit @, (puc.1).

Ecnu npsimas a nepecekaer mIOCKOCTh O, TO
TOYKa TepeceueHus] MpruHaaiexana Obl IpsaMoil
a,. Ho 3T0 HEBO3MOXKHO, Tak Kak IpsMbIe a U a,
B3aMMHO MapasuieabHbl. Takum oOpa3oM, npsiMas
a HE MOXET MepeceKaTh MIOCKOCTh OL.

Takum 00pa3om, npsiMas @ napasuieiabHa I1J10-
ckoctu o .

3adaua. JIoKaxxuTe, YTO €CJIU IIIOCKOCTH Mepe-

CEKAeT O/IHY U3 JIByX MapajulelIbHbIX NPSIMBIX, TO
OHA MEPECEKAET U BTOPYIO NPSIMYIO.

Joxaszamenvcmeo. Ilycts & 1 b — nBe mapas-
JIEJIbHBIE MPSIMBIE, U 0L — INTIOCKOCTh, IEPECEKAOILast
npsmMyro @ B Touke A (puc.2).

[TpoBenem uepes mpsimbie @ u b rutockocts. OHa
[IEPECEKAET MIIOCKOCTh OL 10 HEKOTOPOH MPSIMOH C.
[Ipsimasi C mepecekaet NpsAMYIo a B TOUKe A, a 3Ha-
YUT, IEPECEKacT MapaiebHy0 el mpsamyto b. Tak
KaK IpsAMas € JIEKUT B INIOCKOCTH O, TO INIOCKOCTh

oL IepeceKaeT mpsMyro b.
Teopema 4.6. Ecnu niockocms npoxooum uepes npamyio, Komopas napai-
Jes1bHa Opy20il nJ10CKOCHU, MO NPAMAA nepeceuenus IMuUX niocKocmeil
mooice napaiienvbHa Imoi nPAMOoi.
Jloxazamensvcmeo. Ilpeanonoxum, 4to npsiMast a — napassieibHa MI0CKOCTH
OL ¥ JISKHUT B TUTOCKOCTH [3, a IpsiMasi b — JIMHUS 1epeceueHusl INIOCKOCTeH o U 3



(puc.3). Torna mpsiMble @ 1 b j1exar B INIOCKOCTH [3 ¥ B3aUMHO HE TIePeCeKaroTCs.
B nmpoTtuBHOM ciyuae npsimast a nepecekaa Obl IIIOCKOCTh 3.
CnenoBarenbHo, psMble a 1 b mapannensasr.

E BOI’lpOC’bl K meme u ynpaj)yCHeHus

Kax 6 npocmpancmee mo2ym pacnonaeamvcs npsmast u nioCKOCms?
Koeoa npsamas u nnockocms 6yoym napannienvuvimu?

Copmynupyiime npusHax napaiierbHOCmy NPIMOU U NIOCKOCHU.

Kaxkue ceoiicmea ceszannvie ¢ pacnonodicenuem npsamvlx U nIOCKOCmell 8
npocmpancmee vl 3Haeme?

AN~

4.24. a) Onpenenure B3aUMHO TapaljielbHble pedpa U rpaHu: 0) KyOa
ABCDA,B,C,D, ; B) mectuyronsHoii npasuibHoi npusmMel ABCDEFA B,C,D,EF,.

4.25. BribepuTe BEpHOE YTBEPKIACHHE:

a) B mpocTpancTBe uepe3 TouKy, He JIeXKAIIyI0 Ha TPSIMOA, MOXKHO TIPOBECTH
MHOXECTBO MapaljIeNbHBIX MPSAMBIX K TaHHOU MPSMOIA;

0) [TapannenbHble MpsiMbIe, TapaJUIebHBIE TPETHEH MPSIMOA, TIEpPEeCEeKatOTCs
B OJHOM TOYKE;

B) Ecnu nBe TOukM mpsiMON mpHHAIJIEKAT IIOCKOCTH, TO 3Ta MpsMas
nepeceKaeT TaHHYIO IIOCKOCTh;

r) Uepes npsiMyro U uepe3 TOUKY, He JIEKAIIYI0 B Hel, MOYKHO IPOBECTH JIBE
pa3HbIe TIOCKOCTH;

1) B mpocTpaHcTBe uepe3 TOUKy, He JIEXKAIIYI0 B JAHHOH ITIOCKOCTH, MOYKHO
POBECTH MHOXKECTBO MPSMBIX.

4.26. Touku A u C nexar B tuiockocTH o.. Touku B u D nexar B mimockoctu
B. Kakue u3 npsamerx AC, CD, BD, AB, BC u AD nepecekarot miaockocts 3?

4.27. Tpeyronbuuk ABC nepecekaet iockocTs o B Toukax B, u C, (puc.4).
Ecmu AB,: BB, =2:3,BC =15 cwm, BC||B,C,, To Haiigute nmuny otpeska B,C, .



4.28. [lnockocts o mepecekaer croponsl AB u AC tpeyronsauka ABC B
toukax B, u C, (puc. 5). Ecom AB,: BB, =3 :1,B,C, = 12 cMm, BC|| a, To HaiinuTe
nnuHy otpeska BC.

4.29. [InockocTth o mapasienbHa ocHoBaHuio AD Ttpanenuu ABCD u
nepecekaeT €€ 6okoBble cTOpoHbl B Toukax M u N (puc.6). Eciiu AD = 17 cm,
BC =9 cMm, 10 Haitnute amuHy oTpe3ka MN.

4.30. CKonbKO MapaieIbHbIX MPSIMBIX MOKHO MTPOBECTH K TNIOCKOCTH Yepe3
TOYKY, HE JIEKAIIYI0 B 3TOH INIOCKOCTH?

4.31. Ilpsimas a mapanenbHa INIOCKOCTH o.. HalimuTe BepHBIC yTBEPIKICHHSL.

a) [Ipsimas a mapasuienabHa TOJIBKO OJHOM MPSIMOM MJIOCKOCTH O

0) [Ipsimas a ckpeluBaroLascs CoO BCEMHU NPSIMbIMU IUIOCKOCTH O, KpOME
OJIHOM €€ MPSMOW;

B) B miockocTu o HallgyTCsd MHOXECTBa MPSIMBIX, HapajielibHbIX U
CKPEIIMBAOIINXCS IPSIMOM 4,

r) B miockocTu oL cyecTByeT TOJIbKO €IMHCTBEHHAs MTpsiMast, apaJijiesibHas
MPSIMOH @ M MPOXOsIlas 4yepe3 MPOU3BOIbHBIE TOUKU 3TOH MIOCKOCTH.

4.32. Touku A, B, C, D ue nexar B oguoi 1miockoctd, Touku M, N, K, Z
cootrBeTcTBeHHO cepenunbl orpe3koB AD, BD, BC, AC. Eciu CD=AB, T0
JOKa)KUTE NEPIEeHIUKYAApHOCTD MpsiMbix MK u NZ.

4.33. Croponsr AB u BC mapamnenorpamma ABCD nepecekarot miockocTb
o.. Jokaxwure, uro npsimbie AD u DC Toke nepecekaroT miocKoCTh O.

4.34. Tpeyronsauku ABC u ABD He nexar B 0qHOH TI0CKOCTH. JloKaxuTe,
YTO MMPOM3BOJIbHAS MpsiMasi, apajuienbHas npssmoit CD, mepecekaeTt miockoctu
JAaHHBIX TPEYTOJIHLHUKOB.

4.35. [lpsiMble, mepecekaronue 3aJaHHbIe JABE MPsSMbIE, JeXKaT B OJHOU
IUIOCKOCTH. JloKaxKkuTe.

B3AMMHOE PACIIOJIOKEHUE TUIOCKOCTEI B
12 IMPOCTPAHCTBE

JIBe MIOCKOCTH MOTYT MMETh OONIyI0 TOYKY HJIM HE MMETh HU OJTHOM
oOmelt Touku. B mepBoM citydae 3TH IIIOCKOCTH TI0 aKCHoMe S3 UMEIOT 00Ty 0
MpSIMYI0, T.€. TIEpeCceKaroTcs 1o npsimoii (puc.1). Bo BropoM ciyyae mIocKoCTH
He Tiepecekarores (puc.2).

Henepecexkatromuecs MI0CKOCTH Ha3bIBAIOTCS NAPALLETbHBIMU.

[Ipencrasnenue o mapamieNbHbIX ITIOCKOCTIX JAIOT MOJ ¥ TTOTOJIOK KOMHATHI,
JIBE MTPOTUBOIIOIOXKHBIE CTEHBI (puc.3).



[TapanienbHOCTh MIOCKOCTEN ONPENENAETCS MO CIASAYIOMIEMY ITPU3HAKY.
Teopema 4.7. Echu 0se nepecexaroujuecs npamvle 00HOU NI0OCKOCMU CO-
0MeEEemCcmeeHHo napaiieibiovl 08YM RPAMbBIM OPY20il NIOCKOCMU, O IMU

NJI0CKOCMU nApaiienbHyl.

Jlokazamenscmeo. J1onyCTuM, 4TO OL U
3 —3a7aHHbBIE TNIOCKOCTH, & U b — mpsiMbIe,
JIEKAIlKE B INIOCKOCTH Ol U ITEPECEKAIOLIHE-
csiBTOuke A, a @, ub, —npsmele, iexKare
B INTOCKOCTH [3, ¥ COOTBETCTBEHHO Mapaj-
JeIbHBIC TIPMBIM a 1 b (puc.4).

[Ipenmnosnoxum, 4TO MIOCKOCTH O U
[} B3auMHO He mapajieNbHbl, T.€. Iepe-
CEKarTCs Mo HekoTopou mpsamou C. Ilo
Teopeme 4.6, IpsiMbIE Q, U &, NapaAJIJIEIbHBI
COOTBETCTBEHHO MPsMBIM, D, 1 b, , a Taxxke
napajuiesbHbl mwiockoctu B. Iloatomy onn
HE MEPECEKAIT NPSIMYIO ¢, JEkKaUlyl B
3TOM IIOCKOCTH.

Takum o6pazom, uepe3 Touky A jexa-

1€ B IVIOCKOCTH O POXOJAT JABE MIPSIMBIE @, U 8,, apaJlIeNIbHbIE PSIMON C.
1o akcnome napajuieaIbHOCTH 3TO HEBO3MOXKHO. [IonydeHHoe mpoTuBopeudne

ITOKa3bIBACT HCBECPHOCTH HAIIICTO IIOHYH_ICHI/IH.D

[Tonp3ysch 3TOW TEOpPEMO, JOKKHUTE MapaJlIeIbHOCTh OOKOBBIX T'paHEH

napasuienenumnena (puc.5).

Teopema 4.8. Ilpsambie nepeceyenus 08yx nioCKocmeil c mpemaueil 63auMHO

napanieibHol.

/okazamenscmeo. 1lycTh napanienabHble INIOCKOCTH O M [3 TepeceKaroT
TUIOCKOCTb Y COOTBETCBEHHO 10 MPsIMbIM & 1 D (puc.6). JlokaxeM napauieibHOCTh

npsiMbIX a U b.
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@ [Mpenmonoxum, 4yto mpsmbie & u b
nepecekarTcs B Hekotopoi Touke Q. Torma
Touka Q JIGKUT B TIIOCKOCTH O, TAK KaK MpsiMast a
JIOKHT B TUIOCKOCTU 0. A Taroke Touka Q JeKUT B
IUIOCKOCTH [3, TAK KaK IpsiMast b JISXKUT B IUIOCKOCTH
o.. B pe3ynbrare nomydaercs, 4To IIOCKOCTU O U
B umerot o01ryro Touky Q. A 9TO HEBO3MOXKHO T10
ycnoButo. [lomydeHHOe MPOTHBOpEUE YKA3hIBAET
HEBEPHOCThH Hatero pomyiienus.d
Teopema 4.9. Uepe3 mouky eéne 0aHHOIU
NI0CKOCHU MOMCHO RPOBECHU NIIOCKOCHIb, NA-
@ PannenvHyo OAGHHOU U RPUMOM MOJIbKO 00H).
A B Jokazamenvcmeo. 1lpoBeneM B naHHOU
b, a, IUIOCKOCTH Ol JIBE MEpECEKaroIInecs MpsiMble a
u b (puc.6). Uepes nannyio Touky A mposeziem
napaJuieJbHbIC UM TpsiMbie @, u b,. [IpoBemxem
ol uepes npsiMble &, 1 D; IocKkocTs . DTa miockocTh
b a B mo teopeme 4.7 mapanienbHa MIOCKOCTH O,
T.€. SIBJIICTCSA UCKOMOM INIOCKOCTBIO.
Tenepp mokaxem €IMHCTBEHHOCTb ITOU
Y miockocTu. lIpenmnonoxum, 4To CymecTByer
ele OoJHa MIOCKOCTh [3,, mapalesibHas
A a P mwiockoctu o (puc.8). [IpoBoaum yepes3 TOUKy
a, B A ¥ mpsAMyI0 @ TIOCKOCTh Y. JTa MIOCKOCTh
nepeceKaeT MIOCKOCTh 3 mo mpsmoil a,,
IUIOCKOCTB [3, 1o mpsAMoit @,. [Ipsimble a,, a, o
o teopeme 4.6 nmapasuienbHsl npsmor a. Ho ato
a HEBO3MOKHO, TaK KaK B TUIOCKOCTH Y€pE3 TOUKY,
HE JISKALYI0 B HEM, MOXHO MPOBECTU TOJBKO
€IMHCTBEHHYIO MapaJUIeIbHYIO NPSIMYI0. DTO
MPOTUBOPEYHE YKa3bIBACT HEBEPHOCTh HaIIero aomyineHus.
Teopema 4.10. /]ee nrockocmu, napannenpHsle mpemyeil nioCKoCmu, 63a-
UMHO NAPanienbHol.
Jloka)XuTe TEOPEMY CaMOCTOSITENIBHO.
Teopema 4.11. Ompe3ku napannenbHviX BPAMBIX, 3AKIAIOUEHHBIX MENHCOY
napanienbHelMu RPAMbIMU PAGHDL.



Jlokazamenvcmeo. IlycTh miockocts o U 3
otaensior u3 npsameix K u | orpeskun AB u CD @
(puc. 9.). JlokaxkeM paBEHCTBO ITHUX OTPE3KOB.
[TnockocTh O, mpoxosiias yepe3 mpsambie K u |,
nepeceKaeT napajuieabHbIe INIOCKOCTH 110 IPSIMbIM
AC u BD. B pesynbprare nMeeM 4eThIpEXYTOTLHUK
ABCD T.e. mapamemnorpamm. [IpotuBomnonoxHbie
CTOPOHBI MapaJijieJJIorpaMMa B3aMMHO paBHEL. B
gyactHoct, AB = CD. U4
4.12- meopema. Ompe3Ku npou380abHbIX NA-
PAaNNenbHbIX RPAMbBIX, 3AKTI0YEHHBIX MEHCOY
mpems napanienbHulMu ni0CKOCMAMU, 63AUMHO NPONOPUUOHATLHDL.
JloKakuTe 3Ty TEOPEMY TOXKE CAMOCTOSITENIBHO.

E Bonpocuel k meme u 3a0anusn

1. Kak moeym pacnonazamuscs niockocmu 6 npocmpancmee?

2. Kakue niockocmu HA3vb18a10mcs napaiienbHblmMu?

3. Cohopmynupytime npuzHax napaiierbHOCmu ni0CKOCmell.

4. Kakue ceoticmesa vl 3naeme no pacnonoiceHuio niockocmell 8 npocmpancmee?
5. Obocuyiime napannenvnocms 60K08bIX epanell napaiieilenuneod.

4.36. a) Onpenenute mapajjejibHBIC TPaHU: a) Mapajuiejenuneaa
ABCDA B,C,D,; 6) npusmst ABCA,B,C, .

4.37. Kak pacroioxarcsi B IpOCTPaHCTBE IJIOCKOCTH O U [3, HE UMEIOIINE HU
OIHOIT 0011eil TOUKHU?

4.38. [Tnockoctu o 1 B mapasuiensHbl. [IpsiMbie @ 1 b 1exar B miockocTH o,
a ipsimbie C 1 d B uiockoctu f. Kakue u3 crenyronmx yTBepKIeHUH BEpHbI?

Dallb; 2)c||b; 3)b|lb; 4)blla; 5) c||a; 6)d[|b; 7)alla; 8)d[|a.

a) 6) B)



4.39. YKaKuTe TpH PUCYHKA, Ha KOTOPBIX H300payKEHBI IBE TIEPECEKAIOITHECS
mockocTH (puc.10).

4.40. Tlnockoctu o u 3 mapasuienbHbl. M3 Touku, He MpUHAJIEKAIEH HU
OZHOM U3 HUX, IPOBE/ICHA INIOCKOCTh Y. YKA)KUTE BEPHbIC YTBEPKACHUA:

a) [TnockocTh Y eAMHCTBEHHAs IIJIOCKOCTb, apajliebHas INIOCKOCTH O.;

0) IlnockocTh Y €AMHCTBEHHAS TIOCKOCTD, TIEpECEKaromiast MiI0CKOCTh 3;

B) [10CKOCTh Y €AMHCTBEHHAS IJIOCKOCTh, TapaJuIeNbHas IUIOCKOCTH [3;

r) [lnockocTh Y eAMHCTBEHHAS II0CKOCTD, IIepeceKaroliast iI0CKOCTb o,

1) [1nockocTh Y eqMHCTBEHHAS! IJIOCKOCTb, NapajuieibHas U INIOCKOCTH O, U
TJIOCKOCTH [3.

4.41. Hapuc. 11 uzo6paken npsimoyrosbhblii napayuienenunes ABCDA B,C D,.

Omnpenenute B3auMHOE pacnonoxenue miockocret: a) AB,C,D, u B A AB;
6) ADD,A, u ABCD ; B) ABB,A, u C,D,DC; r) BADC u ABB,A,; n) CC,B,B u
ADD,A,.

4.42. Otpesku AB, BC — ctoponsl napamienorpamma ABCD u napasenbHbl
COOTBETCTBEHHO MpsiMbIM A U b (pric.12). [IpsimMbie @ u b B3auMHO TiepecekaroTcs
U NpHUHAJJIeX)aT MIockocTu o. OmpeneianTe B3aUMHOE PAacCIOJIOKEHHE
napasuienorpamma ABCD u miiockocTu o.

4.43. Jlanbl ckpeuuBaroiuecs npsimbie & u b B npocrpancTBe. CKOJIBKO
IUIOCKOCTEN MOXKHO IPOBECTHU Yepe3 NPsAMYIO @, MapajljiesbHYI0 III0CKOCTH 37

4.44. Tlpsimast iepecedeHus AByX IUIOCKOCTEH oL U 3 mapauienbHa TpeTbei
mwiockoctu y. OmnpenennTe B3aUMHOE PacIoNOKEHUE MIIOCKOCTeH o u § B
IIPOCTPAHCTBE.

4.45. TInockocTh y, IpOBEACHHAs Yepe3 mapasuienbHbie npsimbie AB u CD
nepeceKaeT napauiesbHble MI0CKOCTH O U 3 COOTBETCTBEHHO 1O npsiMbiM AC 1
BD (puc.13). Haiinute nmuny orpeska AC, eciiu BD = 15 cwm.

4.46. Yepes 1Be MPOU3BOIbHBIE CKPEIIMBAIOIINECS TPSMbIE MOXKHO ITPOBECTH
€IUHCTBEHHYIO Mapy MapaJuIeIbHbIX IJIOCKOCTEN. JJokaxuTe.

4.47. Ilnockoctu o 1 B mapayiensHbl. [IponsBonbHas npsimas, jexaiias B
TUIOCKOCTH O, TapajuiebHa miockocTy f3. Jlokaxure.

4.48. Touka O — obmas cepenuna orpe3koB AA,, BB,, CC,, He nexammx



B OJHOM TUIOCKOCTHU. JlOKaXuTe mapasuieabHOCTb
miockocteit ABC u A B,C, .

4.49. Jlansl mapannenorpamm ABCD u ne
nepeceKaromas ero MmIiocKoCTh. Uepes BepIInHBI
napannenorpamma A, B, C, D nmpoBeaeHbI
napasiieNibHbIE IPSIMbIE, TEPECEKAIOIIUE TIIIOCKOCTH,
COOTBETCTBEHHO B Toukax A,, B,, C,, D,. Haiinure
mHy otpeska DD, eciu AA, =4 M, BB, =3 Mmu
CC,=1m.

4.50. JTa=Hb! ABE apaJIeIbHBIC IIOCKOCTH. Yepes
Touku A u B ogHON M3 miockocTel MpoBeAeHbI
MapauieNIbHbIE MPSIMbIE, TIEPECEKAIONINE BTOPYIO
IUIOCKOCTh B Toukax A, u B,. Haliaure nnuny orpeska,
AB,,ecru AB=a.

4.51. ITnockoctu o U [ mapannenbHbl. Yepes
Toukr M 1 N TIIOCKOCTH Ol POBEICHBI TapalIeTbHBIE
npsiMble, MepeceKarolre miockocTh 3 B Toukax K
u L. lokaxure, uto MNLK — mapannemorpamm.
Haiigure nepumerp uersipexyroiabauka MNLK, eciin
ML=14cm,NK=8cvu MK: MN=9:7.

4.52. Jlyun OF u OP mepecekaroT mapaieib-
HBIE TUIOCKOCTH OL U [3, COOTBETCTBEHHO B TOYKaxX
F., P,, F,, P,. Haiigure nnuny orpeska OP,, eciu
FP,=3cm, F,P,=5cmuP,P,=4 cm.

4.53. Jlyun OA u OB mepecekaroT mapasieib-
HBIC TUIOCKOCTH O U [3, COOTBETCTBEHHO B TOUYKAX
A, B,, A,, B,. Haiinute nnuny orpeska A,B,, eciu
OA, =16 cm, AA, =24 cmu A,B,= 50 cm.

4.54. Touka D He mpuUHAIIEXKUT MIOCKOCTH
tpeyronsauka ABC (puc.14.). Touxku K, M, Z,
COOTBETCTBEHHO cepeannbl oTpe3koB DA, DB u DC.
Ompenenure B3aMMHOE PACIIOIOXKEHUE TIIOCKOCTH
ABC u KZM.

4.55. Touka S He TpUHAUISKUT TUTOCKoCTH Napayiesiorpamma ABCD (puc.15).
Touku K, Z, M, N npunamiexar coorBerctBeHHO otpe3kam SA, SB, SC u SD.
Omnpenenure B3anMHoOe pacroioxenue miockoctu ABCD u KZMN, ecu SK =
AK,SZ=BZ,SM:MC=2:1,SN:ND=2:1.
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13 HAPAJUIEJIBHAS HNPOEKIUA B IPOCTPAHCTBE

[IpoctpancTBeHHBIE GUTYpPBHI U300pakaloTCsl B MIOCKOCTH Pa3HBIMU
crnoco6amu. O3HaKOMHUMCS C HUMH.

Tapannenvhvim npoexmuposaruem POCTPAHCTBEHHOW (DUTYPBI B IIIOCKOCTb
Ha3bIBACTCS TAKOE OTOOPAYKEHHE, ITPY KOTOPOM KasK/1asi TOUKa (pUTyphI IEPEHOCHTCSI B
TUTOCKOCTB ITO TIPSIMBIM, TTAPAJUICITBHBIM 33/IaHHOMY HAITPABJICHHUIO POESKTHPOBAHUSL.

[TapanienbHOE MPOSKTHPOBAHME MOXXHO CPAaBHHTH C TEHBIO HEKOTOPOTO
MpenMeTa Ha CTeHE, CO3/IaHHOTO C ITOMOIIBIO JTy4eii cBeTa.

Taxum 00pa3oM, Ipu NmapaysIeIbHOM MPOSKTUPOBAHUN OepeTcsl HeKOoTopast
¢urypa m miocKOCTb, Ha3bIBaGMasl NJIOCKOCMbIO NPOEKMUPOBAHUs, & TAKKE
BEIOMpAETCS HanpasieHue npoeKmupo8aHus, T.e. HEKOTopasi psMasi. JTa mpsiMast
MIPOEKTUPOBAHMS TOJKHA TMIEPECEKaThCs € TUIOCKOCTHIO TPOESKTUPOBAHMS.

[pemonoxum, 9To 331aHbI TPOU3BOJTHHAS ITTOCKOCT OL M TIPSIMAst IPOSKTUPOBAHHST
, a Taroke Touka A, He Jie)Kallas H B INIOCKOCTU 0L, HU B TipsiMoii | (puc.la).

Yepes Touky A mpoBeneM MpsMyIo &, apauIeIbHYo IPsIMOH | K IIIocKocTH
o ITycTs aTa npsimasi nepecekaer miocKocTh o B Touke A, (puc.10).

[
6)

Haiinennast Touka A, Ha3pIBaeTCsd MapajijieJbHONW IpoeKIuend Touku A B
IIJIOCKOCTh OL.

[Tpenmonoxum, 9To Hy»KHO MapauIeIbHO TIPOSKTUPOBATh HEKOTOPYIO QUTYPY
F B mnockocTh o o HarmpasieHuto |. J{ist 3Toro 6epeM mpou3BOIBHYIO TOUKY
¢burypsl F, npoBenem depes Hee MpsiMyto, apauielbHy o npsiMoi | 1 0603Haunm
€€ TOYKY NepeceyeHus C IMIIOCKOCTHIO o.. Takue TOYKH 00pa3yroT B TUIOCKOCTH
o HekoTopyto purypy F,. U ata purypa F, siBisieTcs napanneabHON TpoeKIuei
¢urypsl F B muiockoctH a.

Ha puc.2 n3o0pakena mapasnienbHasi mpoeKius Gurypsl F B mI0CKoCTh O,
T.¢. urypa F,.

[IpuBeneM criemyrolye CBOWCTBA NapajlIeIbHOIO MPOEKTUPOBAHUS. JlOKaxKuUTe
HX CaMOCTOSITEIIBHO.

[Ipu mapamienbHOM MPOEKTUPOBAHUHU TOYKA MEPEXOaUT (OToOpakaeTcs) B
TOUKY, OTPE30K B OTPE30K, IIpsiMasi B psMyto. [Ipoekiinu napamienbHbIX IPsIMbIX

nmapaJuI€JabHbI MW COBIIAAAarO0T.
e
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JlokakeM cliieyrolme CBOMCTBa.

Ceoiicmeo 1. Ilpoexyuu npamonuneiinvlx
ompe3Kkoe puzypvl maxiice AGNANOMCA
ompe3Kamu.

JleficTBUTEINBHO, BCE PSIMBIE, TPOESKTUPYIOLME
Touku oTpe3ka AC, ymexar B MIOCKOCTH,
nepecekarmei miockocts mo npsamoit A C,
(puc.3). IIpousBonbHas Touka B orpeska AC
niepeHocuTcs B Touky B, orpeska A,C,.1

Ceoiicmeo 2. Ilpoekyuu napannenbrvlx
ompe3Ko6 puzypovl makice napaiieibHble
ompesKu.

[Iycts AC u BD mapannenbHbie OTPe3KH
HeKkoTopoil Gurypsl (puc.4). Ux mpoexnun —
A,C, u B,D, Takxke oTpe3ku, Tak Kak OHH
MOy YIITHCH TIPH TIEPECEIECHUH TTIOCKOCTH OL IBYX
napasieabHbIX I0OCKOCTEH.

Ceoiicmeo 3. OmnouteHue ONUHH OMPE3K08,
J1e)cauiux Ha RPAMOIl Uil HA RAPAINeTbHbIX
NPAMBIX, PAGHO OMHOUIEHUIO OJIUH UX NPOEKUUIL

HeiictBurensho, npsimeie AC u A,C, Ha
puc.5 nexar B miockocTtu 3. Uepe3 Touky
B na orpeske AC mposenem mpsmyio A,C,
napayensayio A, C, .

[Tonyuennsie Tpeyronsauku BAA, u BCC,
nono6uel. I3 mogobusi TpeyroibHUKOB U
pasBenctB A B,=A,B u B,C,=BC, nonyuum
uckomoe otHorenue: AB:BC =AB,:B,C,. U

TakuMm oOpa3om, npu mapajjieibHOM
MPOEKTUPOBAHUU COXPAHSIOTCS OTHOIICHHUE
JUIMH OTPE3KOB, JIKAIIUX HA MPSIMOM MM Ha

mapaJjiCJIbHBIX IIPAMBIX.
B YaCTHOCTH, CEpCAHA OTPE3Ka IIEPEXOAUT B CCPCAUHY ITPOCKIHHU.

E Bonpocwt Kk meme u ynpasxccnenus

1. Kaxum omobpasicenuem Ha3vi8aemcs nNpoekmuposanue npoCcmpancmeeHHol
@ueypel 6 niockocms?
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2. Kak naxooumcs napanienvhas npoexyus mouku 6 niockocmu?

3. Ymo Hazwvieaemcs NiIOCKOCMbIO NAPATLIEAbHO2S0 NPOEKMUPOBAHUS U
HanpasieHuem npoeKmuposanus?

4. Kaxue ceoticmea napanienbHo2o npoeKmuposanus vl 3uaeme?

5. T0e mooicHo ucnonvzosams napaiieibHoe npoekmuposarue?

4.56. IIpu napamienbHOM MPOCKTUPOBAHUU MOXKET JU OBITH MPOEKIHUs
OTpe3Ka: a) OTPE3KOM; 0) TOUKOH; B) IByMs TOUKAMU; T') Ty4OM; [T) TIPSIMO¥?

4.57. Ilpu napamienbHOM MPOCKTUPOBAHUU MOXKET JU OBITh MPOEKIHUs
KBajpara: a) KBaJparoM; 0) mapasuiesiorpaMMoM; B) pOMOOM; T') IPSIMOYTOJIEHIKOM;
1) Tpareuueu; €) OTpe3kom?

4.58. Jlokaxxute, 4TO MpHU MAPAJUICIBHOM MPOEKTUPOBAHUU TPEYTOJIbHUKA,
JIeKAIIEeTO B OJHON M3 MapajuIelbHBIX MIIOCKOCTEH BO BTOPYIO MJIOCKOCTb, €TO
TJIOIAAb HE U3MEHSETCS.

4.59. Moxert 11 ObITh TapasuieNbHast IPOSKIHs apaiesorpaMma Tpanenneii?
OO06ocHy#TE CBOI OTBET.

4.60. bynet nu mapanienbHasi TPOEKIUs MPABUIBHOIO TPEyTroJbHHUKA
MIPaBUWIBHBIM TPEYTOIbHUKOM?

4.61. byner nu mapasienbHas MPOSKIHS TPSIMOYTOJIBHOTO TPEYTroJbHUKA
MPSIMOYTOJBHBIM TPEYTOJIBHUKOM?

4.62. Tpeyronsauk A,B,C, mapamnensnas npoekius Tpeyronbanka ABC. [1pu
TaKOM MPOCKTHUPOBAHUH TIEPEXOJIUT JIK: a) MEIHaHa; 0) BBICOTA; B) OMCCEKTpHCa
Tpeyronbarka ABC COOTBETCTBEHHO: a) MenuaHe; 0) BBICOTE; B) OMCCEKTPHCE
tpeyronbauka A,B,C, ?

4.63. Tpeyronsauk AB,C, mapamnenbras npoekius Tpeyroibauka ABC.
byner mu <A, =30°, B,C, =20 cMm, ecmu A =30°, BC =20 cm?

4.64. Otpe3sok A, B, mapamnenshas npoekiwst orpeska AB. Touka C, mapaienbHas
npoekimsi Touku C orpeska AB. AB=48 cm, A,B, =36 cm. Haiinure nimnny otpeska
A,C,, ecu nymaa otpeska AC: a) 24 cm; 6) 12 cm; B) 8 em; 1) 32 om; 1) 36 oM.

14 TIPAKTUYECKUE YIIPAJKHEHUS U ITIPUJIOKEHUS

4.65. Cxonbko OOIIMX TOUEK MOTYT UMETh: a) JIBE NMPsMBbIE; 0) IpsiMast U IJ10-
CKOCTb; B) JIBE€ TJIOCKOCTH?

4.66. MoryT 1 UMEThH a) J1B€ NpsiMbIe; 0) MpsiMasi U TUIOCKOCTh; B) JIBE IJI0-
CKOCTH TPH IUIOCKOCTH €AMHCTBEHHYIO OOIIYIO TOUKY?

4.67. YeTpIpe TOYKHU HE JICKAT B OJHOM MJIOCKOCTH, &) JISKAT JIU TPU U3 HUX
Ha ofHOU TIpsiMoii? 6) CKOIBKO TUIOCKOCTEH MOKHO TIPOBECTH Yepe3 HUX?



4.68. IIpsimbie M 1 N iepecekaroTes, a npsimast d mapauienbHa npsimoii N. Kak
MOTYT B3aHIMHO Pacroiararhcst mpsiMmbie m u d ?

4.69. CKoJIbKO MOXKHO IIPOBECTH MJIOCKOCTEH, MPOXOAALINX Yepe3 BEPLIMHY
C u napasmienbHbIX cTopoHy AB Tpeyroinsauka ABC ?

4.70. [Mapannenorpammbl ABCD u ABKZ nexaT B pa3HBIX MIOCKOCTSX.
VYkaxkure napauiesibHble IpsMbIe:

a) DAuKB; 6)CDuKZ; 6)BCuAZ; 2) DAuZA; 0)CBuKB.

4.71. Touxn A u C mpuHaanexar iocKocTH o, Touku B u D mpunamnexar
wiockocty 3. Kakue w3 npsimbix AC, CD, BD, AB, BC, AD niepecekarot rmiockocts 37

4.72. Otpesku AB, AC, KB, KD nepecekatot mnockocts o.. Kakue u3 npsimbix
AK, AD, BD, KC, CD nepecekaroT MmI0CKOCTb o7

4.73. IIpssmeie AB, AC u AD, He nexamie B OAHON TUIOCKOCTH, TIEPECEKAIOT
ninockocth oo B Toukax B, C, u D,. Kakas ¢urypa monyuaercs mpu
nocieaoBareIbHoM coennaenuu Touek B,, C, u D,?

4.74. Yepes BepinHbl 1 cepeannbl oTpeska MN, He nepecekaroiieif iockocTb
oL, TIPOBEICHBI apaJuIeIbHbIe NpsMbIe. Ecin 3TH npsiMble iepecekin MI0CKOCTh
o coorBercTBeHHO B Toukax M|, N, u K, u KK,=9 cm, NN, = 15 cm™, To HaliauTe
uiHy otpeska MM, .

4.75. U3 Touek P u Z mnIOCKOCTH O OMyLIEHBI NapajlieIbHble OTPE3KU
mmHol PK =6 cM 1 ZM =9 cwm. TIpssmas MK nepecekaeT miockocTh o0 B TOUKE
O. Haiinure nnuny otpeska MO, ecu MK = 6 cwm.

4.76. MoxeT JIi NOITy4YUThCs KBapaT MpHU HapayieIbHOM ITPOEKTUPOBAHUH
napajuiesniorpamma?

4.77. laHa napasuienbHas IPOeKLus TpeyroiabHuka. Kak cTposTcs mpoekuu
MeMaH 3TOr0 TPEyTroJbHUKA?

4.78. Tpeyromsauk MNZ u mapamnenorpamm MNPS (BC — ocHoBaHue) He
Jexkart B onHoM tiockoctu. Touku Q u R cepenunst otpeskoB CB u DA, aM u N
cepeaunsl otpe3koB DP u CZ. Jlokaxxute napamiensHocts npsaMeix MN u QR.

4.79. Kakue u3 rpaneit: a) AA,D,D; 6) BB,C,C; B) ABCD; r) DD,C,C;
) B,C,D,A,; e)ADD,A, xy6a ABCDA,B,C,D, (puc.6) napannensusl npsimoii A, B, ?

4.80. Man tpeyronpauk PRT. IlnmockocTs o, mapamiensHas npsmoi PT,
nepecekaer cropony PR B Touke S, cropony RT B Touke Q (puc.7). Haiinure
mnHy ctoponsl PT, eciu SR =7 cm, SQ =3 cm u SR= 35 cm.

4.81. IlnockocTte o mapamnenbHa ocHoBanuio AD Tpaneuun ABCD u
nepecekaet ee ctoporsl AB u CD B Toukax M u N (puc.8). AD = 20 cm,
MN = 16 cMm. Haiigute nepumerp Tpaneuuu, eciu Touka M cepenuHa oTpeska
AB u AB= 8§ cwm.
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4.82. B Touku P u Z mI0CKOCTH O MPOBEACHBI BHEIIHE OTPE3KHU
PK=6cm u ZM = 9 cm. Ilpamas MK nepecekaer miockocts oo B Touke O.
Hatigure paccrosaue MO, eciiu MK = 6 cwm.

4.83. Cropona AB mpsmoyronpanka ABCD mapasmienpHa MmIOCKOCTH O,
a cropoHa AD He nmapaiienbHa 3TOH IUIOCKOCTH. ONpenennuTe B3auMHOE
pacrosiokeHue B mpocTpancTse npsimoyronbHuka ABCD u mutockoctu o.

4.84. Kakue HIKENpUBEIECHHbIE TPAaHU MPSMOYTOJIBLHOTO Napajulesenuneaa
ABCDA B,C,D, napannensusl Bepmune A u rpanu ABCD:

a) D,A/AD; 6) D,AB,C;; B) ABBA;; 1) D,C,CD; n) D,A,BD?

4.85. JIe muaronanu pomba mapajiaeiabHbl MIIOCKOCTH o. Ompenenure
B3aMMHO€ PaCIIOJIOKEHUE B IPOCTPAHCTBE IJIOCKOCTH POMOA U INIOCKOCTH OL.

4.86. Touka D e nexut B mockoctu tpeyroiabHuka ABC. Touku K, Zu M
COOTBETCTBEHHO cepeannbl oTpe3koB DA, DB u DC. Onpenenure B3auMHOE
pacnonoxenne miockocreir ABC u KZM.

&HpnMeHeHne U (opMUPOBAHUS MPAKTHYECKUX KOMIIeTEeH M

1. Kak pacrnosoeHbl OCH JKEJIE3HOAOPOKHBIX BarOHOB B OTHOIIEHUHU JPYT K
apyry?

2. Kak pacronokeHbl 0CH KeJIE3HOIOPOKHBIX BATOHOB B OTHOIICHUU PEITHCOB?

3. [IpuBenuTe mpUMepsI U3 OKPYKAIOIICH Cpe/lbl Ha TApaJUIETbHBI U CKPEIINBa-
IOIITUECS TIPSIMBI.

4.Tloyemy SIIIMKW TUCHbMEHHBIX CTOJIOB MHOT/A HE OTKPBIBAIOTCS TUTABHO?

5. Tlouemy mopIeHb Hacoca MJIABHO JIBUTACTCS BHYTPH HETO?

6. Kak MO>XXHO MTPOBEPUTH MAPAIEILHOCTD TUTMHTYCOB T0JIa C TOMOIIBIO JIEHTHI
JUTS ITUTHST WUIA TIAJIOYKHU TIPOU3BOJIBHOMN JTHHBI?

7.Bce rpanu nepeBssHHOTO Opyca UMErT GopMbI IPSIMOYTOIbHUKA. JloKaxuTe,
YTO KaK ObI €0 HE PACIUIMTh, BCE CEUCHUS IMOTYIarOTCS MapaljIe]IOrPaMMOM.



PA3JEJ V

([ NEPIIEHUKYJIAPHOCTDH IPSIMBIX U

MNJIOCKOCTEM B IMPOCTPAHCTBE y

HEPIIEHAUKYJIAPHBIE IIPAMBIE U IIVIOCKOCTHU B
15 IHPOCTPAHCTBE

HanomHuM, 4TO nB€ mpsiMble B MJIOCKOCTH @ c
HA3bIBAIOTCS 83AUMHO NEPNEeHOUKYIAPHLIMU, €CITH
yroi Mexxty HUMu paseH 90°. IleprnienaukyispHble
IpsiMble MOTYT IEPECEKAThCs MU MOTYT OBIThH
ckpemuBatomnmuca. Ha puc. 1 neprnennukynspHsle
npsiMbIC & B D mepecexaroTcs, a meprneHINKYIIpHBIC
npsiMble b C ckpermparonmecs. [leprieHmKyspHOCTh
npsMbIx a u b obo3HavaroTest Tak: a L b.

[IpssmMass Ha3bIBAE€TCSH nepnenouKyaiApHOl
K n10CKOCmuU, €ClM OHa NMEepHeHIUKYIIpHa K
0001 MpAMOM, Jexaneil B 3TONW MIOCKOCTH.
[TepnenaukyasipHOCTh MpsiMoit b n miaockocTn o
obo3HauaroTes Tak: b L a (puc.2).

MoOXHO NpUBECTH MHOXECTBO INPUMEPOB
NEepPNeHIUKYISPHbIX QUTYP U3 OKpYyXKarolleu
cpenbl. OOBIYHO CTEHBI IOMOB, KOJIOHHBI, CTOJIOBI
OCBEILEHHS ¥ JJICKTPUUYECKUE CTOJIOBI CTPOSATCS WIH
YCTaHABJIMBAIOTCS MO OTHOIICHUIO K 3eMJIE IPSMO
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T.€. nepneHaAuKyspHo. [1Ikadbl, CTOIBI M XONOMIBHUK TAK)KE YCTaHABIMBAIOTCS
MPSIMO TIO OTHOIIEHUIO K Moy (puc.3).

Tenepp paccCMOTPUM HEKOTOPbIE CBOMCTBA MEPIEHIUKYISPHBIX MPSIMBIX B
MIPOCTPAHCTBE.

Ecnu nmpsimast @ neXUT B IJIOCKOCTH O WJIM MapajulesbHa i, To Halnércs
npsiMasi b, earias B INIOCKOCTH O U TTapajuiebHas npsamoi a. [lostomy mep-
NEHAUKYISIpHAs K TUIOCKOCTH MpsiMasi ePeCceKaeT 3Ty MII0CKOCTh. BepHo u 00-
paTHOE yTBEpXkIACHUE.

Teopema 5.1. Ecnu 06e npsamvie a u b nepnenou-
4 b KYLAPHBL K NI0CKOCIMU, MO OHU NAPAIETbHbL.
M, Jlokazamenvcmeo. Ilyctb npsimasi au b

)’)f’of ~~ MepHeHAuKyIsIpHa K TuIockocTy o (puc.4) [loka-
' / ’KEM TMapauieIbHOCTh NpsiMbIX a 1 D. TIpoBenem
4yepes3 HEKOTOPYIO TOUKY M psAMOoM @ IpsIMyT0 @,
napauieJIbHYyI0 MPsIMOit .

Torma, a,L a.

B [Tokaxem, yTo mpsiMbIE & U @, COBNAJAIOT.

JlomycTtum, 4TO 3TO HE TaK, T.€. MPSIMbIEC A U &,
He coBnaaaoT. Toraa B miockocTu 3 copepxkalled npsiMble a U &, — 4epe3 TOUKY
M mpoxoasT nBe IpsiMbIe, & U @, TEPIeHIUKYISIPHBIC K MIPSMOM C, IO KOTOPO#
nepeceKarTes MIockocTu o v 3. Ho 310 HEBO3MOXKHO.

[IpoTuBOpeure nokas3pIBaeT HEBEPHOCTh HALIETO TonyieHus: Clie10BaTelbHO,
npsiMbie @ 1 b mapasnensab. U

Teneps npuBeIeM IpU3HAK TEPIICHIUKYISIPHOCTH MPSIMOU K TIOCKOCTH.

Teopema 5.2. Eciu npamasn nepneHOUuKyiapHa 08ymM nepecekarouumcs npsi-

MbIM, 1€HCAUUM 8 NIIOCKOCHIU, MO OHA NEPREHOUKYIAPHA IMOIL NIIOCKOCHU.

Mokazamenvcmeo. JJlonyctuMm, 4TO

@ A, a npsiMasi a MepIeHINKYIISIPHA IBYM IIPSIMBIM D

U C, JISXKAILUM B IUTOCKOCTH 0. Toraa mpsimas a

IIPOXO/IUT Yepe3 TOUKY nepecedeHust A nps-

MbIX b 1 C. JlokaskeM mepreHauKyIsipHOCTb
MPsIMOM @ K TUIOCKOCTH .(pHC.5)

[IpoBenem uepe3 TOuKy A MIOCKOCTHU O
IIPOU3BOJIBHYIO MPSAMYIO X U IOKaXKEM €€
MEepPIEeHAUKYISPHOCTh K npsiMoi a. Ilpo-
BEJIEM IPSIMYIO B IIJIOCKOCTH 0, HE ITPOXO-
A, JIAIYI0 Yepe3 TOUKy A B TIepeceKaromryto




npsimbie b, ¢ u X. [TycTh ux nepeceyeHust coorBeTcTBeHHO B Toukax B, Cu X.

B mpsimoit @ B pa3HbIx cTopoHax Touku A oTioxum otpesku AA, u AA,. Tlo-
aydyennble TpeyronbHuku ABA, u A ,CA, — paBHOoOeapeHHbIE (000CHYHTE 3TO
camocroATeNnbHO). OTcroa BeITEKaeT paBeHCTBO TpeyroiabHukoB A ,BC u A,BC
(To’ke 000CHYHTE CaMOCTOATENBHO). B cBOO 0uepenb, OTCroja BEITEKAET PABEH-
ctBo ymioB A,BX u A,BX u HakoHen, paBeHCTBO TpeyroibsHuKkoB A,BX u A,BX
(Toxxe 000CHYITE CaMOCTOSTEIBHO).

B wactnoctu, A X = A,X. Torna tpeyronsHuk A, X A, paBHobeapennslii. [1o-
9TOMY ero MeauaHa XA sBIISETCS U €€ BBICOTOM. A 3TO, B CBOIO OUEpElb, ITOKa-
3bIBA€T MEPIEHIUKYIAPHOCTh NPAMOM X K mpsMoii a. CienoBaTenbHO, IpsaMast
a TeprieHIKy/sipHa iockoctu o

W3 3T0# Teopembl BBITEKAET PAIl CBOWCTB Kak ciencTBus. OOocHyiTe uX
CaMOCTOATENBHO.

Teopema 5.3. Ecnu npaman nepneHOUKy1apHa 00HOI U3 08yxX nj10CKocmelil,
Mo OHA NEPNEHOUKYIAPHA U 6MOPOIL RIOCKOCHU.

Teopema 5.4. Eciu 06e niockocmu nepneHOUKyaapHsl NPAMOIL, Mo OHU

napannienbHbl.

Tenepp npuBeaeM CBOKCTBA, Ha3bIBAEMBIE “‘TE€OPEMaMU CYLIECTBOBAHMS U
€IMHCTBEHHOCTH  JUJIS CAaMOCTOSITEIILHOTO JOKA3aTeIbCTBA.

Teopema 5.5. Yepe3 npou3e01bHyI0 MOYKY RPOCMPAHCMEA MOICHO NPOBec-
mu eOuHCMEEHHYI0 NepneHOUKYNAPHYIO NIIOCKOCHb 6 3A0AHHYI0 NPAMYIO.

Teopema 5.6. Yepes npou3eonbHyio mouKy npoCmpancmea MoyicHo npogec-
mu eOUHCMEEeHHYI0 NPAMYI0, NEPREHOUKYIAPHYIO 3A0AHHOI NJ10CKOCHIU.

Cneocmeue (oooouwennasn meopema Ilugpazopa). Keaopam ouazonanu
nPAMOY20/1bHO20 RAPAllelenuneda pageH cymme Keaopamos e2o mpex
uMepeHui.
ITycte ABCDA B,C,D, npsimoyronbHbIii @ A D
napauienenurnen (puc.6). [lockonabky pedpo
CC, nepnennukynspuao rpanu AB,C,D,, B C
Tto A,C,C — psMOYTONBHBIN TPEYTOIHHHUK. P
Torna o Teopeme Iudaropa .
AC2=CC,;2+AC,2. (1). A ’ D
A,D,C takxe npsamoyroabusiii. [lo ~~
teopeme [Tugaropa .
AC>=AD?+D,C2 (2). B C
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Torma, mo (1) m (2): AC2=CC2+AC2=CC2+ADz2+D,C2
Tak kak A,D,=B,C,, ToA,C2=CC2+B,C2+D,Cz2 U

E BOI’lpOCbl K meme u ynpajtCHeHus

1. Kaxue npsavvle 6 npocmpancmee A61A10mMcsl 63AUMHO NePNeHOUKYIAPHLIMU?

2. Mozym nu 66imo nepneHOUKYIsApHbIMU CKpewusarowuecs npsamvle?
3. Kakoii 2opoo usobpasicen na puc. 77

@ Kaxkue npsamvie u niockocmu vl uoume 6

Hem? [Ipugedume npumepvi napaiienbHulXx,
nepneHOUKVIAPHLIX U CKPeUUBAIOUWUXCS
NPAMBIX HA PUCYHKE.
4.  Kakas npamas aenaemcs nepnenouxy-
JAPHOU naockocmu?
5. Coopmynupyiime ceovicmea npamoix,
NePReHOUKYIAPHBIX OOHOU NIOCKOCTIU.

6. Cchopmynupyiime npusnax nepneHoOuKyIapHOCMU NPAMOU U NIOCKOCHU.

7. Cehopmynupytime c6oticmeo npsamou, nepneHOUKVIAPHOL OOHOU U3 NAPANLETbHBIX

naoCcKoCcmetl.
8. Cpopmynupyiime ceoticmea niockocmeu, NepneHOUKVIAPHBIX NPAMOU.
9. B uém cywynocmo 0606wennot meopemul Iugpazopa?

5.1. Otpe3ok SB meprneHauKyaspeH miockocTu napamienorpamma ABCD
(puc.8). HazoBuTe mpsiMble, MepHeHAUKYIIIpHbIE SB.

5.2. Hexoropas npsimast | meprierukyssipaa croposam AB u AC TpeyronibHIKa
ABC. Ompenienite B3anMHOE PACIIONIOKEHUE PSIMOI | ¥ TITOCKOCTH TpeyroIbHUKA
ABC.

a) Ilpsmas | mepecekaer miockocth ABC, HO He NMEpHeHAMKYJISIpHA Ci;
0) Ipsmas | npunammxkut wiockoctu ABC; B) Tlpsimas | nepniennukynspaa
wiockoctu ABC; 1) Tlpsimas | mepnienaukynspHa miockoctu ABC.

5.3. [Ipsamas KO nepnenaukyisipHa MIOCKOCTH napamienorpamma ABCD
(puc.9). Onpenenure npsMyIo, IEPHIEHAUKYIApHYTO TipsiMoit KO.

5.4. lIpsimas MB nepnennukynspaa cropoHam AB u BC tpeyronsauka ABC
(puc.10). Haliqute Bua tpeyronbuuka MBX, eciiu Touka X — mpousBosibHas
Touka ctoponsl AC.

5.5 JIlnaronanwubeie ceuenuss AA,C,C u BB,D,D mnpsmoyronpHoro
napasienenunena ABCDA B,C,D, B3aumuo nepneHukyssipHsl. Jlokaxure.

5.6. Croponsl yetsipexyroapauka ABCD mapamnienbHbl COOTBETCTBEHHO



croponam npsimoyronbHuka A B,C,D,. lokaxuTte, uto uetpipexyronsauk ABCD
ABIIIETCS IPSIMOYTOJIbHUKOM.

5.7. I1nockocTh o napajienbHa IpsiMoil M, a mpsiMasi M rapa’suiesibHa MPsSMON
N. JIoKa)XuTe NEPHEHAUKYIAPHOCTD INIOCKOCTH Ol IIPSAMOU N.

5.8. Ilpsimas, B koTopoi nexut ocHoBanme AB tpamemuu ABCD
HepHeHIUKYIIpHa MIOCKOCTH o. IIpsmas, B koTtopoii jexut ocHoBanue CD
9TOM Tpaneuuu, ToXe NMepreHIUKYIIpHa MJI0CKOCTH o Jlokaxure.

5.9. llokaxure, 4To yepe3 OO0y TOUKY MPSMON B MPOCTPAHCTBE MOXKHO
IPOBECTU NPAMYIO, MEPIEHIUKYISIPHYIO ITOU
TIPSMON. @ C

5.10. Yepe3 11100y10 TOUKY IPSAMO¥ B IPOCTPAHCTBE
MOYKHO IIPOBECTH JBE Pa3HbIE NEPIECHIUKYIISIPHBIE
IIPSIMBIC K OTOU NPSAMOU. JIOKaxKHTE. o\

5.11. TIpsmsie AB, AC, AD momapHO B3auMHO D A 3
nepneHAuKyIspHsl (puc.11). Halinute nnuny
orpeska, CD ecnu

1)AB=3cm, BC=7cm, AD =1,5,cm;

2)BD =9 cm, BC=16 cMm, AD =5 cwm;

3)AB=bcm, BC=acm, AD = dcwm;

4)BD =ccm, BC=acm, AD =d cwm,

5.12. B Bepmne A npsimoyronbHuka ABCD
nposeneHa npsmas AK, nepneHaukyispHas €ro
wiockoctu. PacctosiHue ot Touku K 10 ocTanbHbIX
BEpILUH NPsIMOYToJbHUKA paBHO 6 M, 7 M, 9 M. Halinute pacctosinue AK.

5.13. Yepes Touku A u B ipoBeieHbI K INIOCKOCTH 0L IEPIICHAUKYIISAP U IpsiMast,
nepecekatonias ee B Toukax C u D, a orpe3ok AB He mepecekaeT MmiIocKkoCThb O.
Haiinure paccrosaue mexay Toukamu Au B, ecitu AC=3M,BD =2 muCD =24 wm.

5.14. Pebpo ky0a, uzobpakeHHoro Ha puc. 12: a) 4 cm; 0) 8 cm. Haiinure
nepumetp Tpeyroiabauka AB,C u momans tpeyronsauka DAC,.
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HNEPIIEHAUKYJIAP, HAKJIOHHASA U PACCTOAHUE B
16 ITPOCTPAHCTBE

Yepes Touky A, HE JeXallyl0 B IUIOCKOCTH
o, TPOBEIEM IMEPHEHIAUKYISIP K MIOCKOCTH O
(puc.1). [TycTp 3Ta psimast iepeceKaet MmiI0CKOCTh
B Touke B. A Takyke COeIMHIUM HEKOTOPYIO TOUKY
C mockoctu ¢ Toukoit A. [lonydeHnHbie mpu 5TOM
OTPE3KH HA3BIBAIOTCS TAK:
oTpe3ok AB — nepnenouxynsap, onywennoiii 6
NJIOCKOCMY;,
otpe3ok AC —Harnonnas, onyujennas 8 nI0CKocmy;
orpesok BC — npoexyus naknonnoti 6 niockocmu
Touka B — ocnosanue nepnenouxynapa,
touka C — ocrHosanue HakioHHOII.

Tpeyronsauk ABC npsimoyronbabrii, AB karer,
a AC runorenysa, nostomy AB < AC.

CnenoBarenbHo, JJIWHA NEPHEHAUKYIIpA,
OITYILIEHHOT'O U3 HEKOTOPOM TOYKHU B IPOCTPAHCTBE,
MEHBUIE IJIMHBI HAKJIIOHHOW, IPOBEAEHHOM C 3TON
TOYKH.

Paccmosanuem om mouxu 0o nnockocmu Ha3bIBa€TCA JUIMHA IEPIIEHIUKYIISIPA,
OITYIIEHHOTO U3 ATOM TOYKH Ha IJIOCKOCTb.

Korna roBoputcst, yto BhicOoTa TalIKEHTCKUX 4acOBBIX KypaHTOB 30 M,
MMOHUMAETCSI, KaK JJIUHA MEPIeHIUKYIISpa, OMYIIEHHOTO C BEPIINHBI KypaHTOB
Ha MJIOCKOCTh OCHOBaHUs (puc.2).

Teopema 5.7. Ecnu npamasa napannenvHa njioCcKoCmu, mo éce eé mouku

HAX00AMCA HA OOUHAKOGOM PACCMOAHUU OM NIAOCKOCHIU.

Hokazamenvcmeo. Ilyctb @ — naHHas nps- @

Mas U o — JJaHHas TI0CKocTh (puc.3). Bo3b-
MEM Ha MpsIMOW @ JIBE MPOU3BOJIBHBIE TOYKH
A u B. OT HUX ONMYCTUM MEPHEHIUKYISPHI B
MJIOCKOCTH . [IyCTh OCHOBaHUS ATUX MEpIICH-
TUKYISIpOB Touku A, 1 B, Torna paccrostnus ot
touek A u B 10 mimockoctu o OyayT oTpesku
AA, u BB,. Ilo reopeme 4.6 orpe3ku AA, u BB,
napasseabHBbl.




CrnenoBaTenbHO, OHU JIEKAT B OJHOM MIIOCKOCTU. DTa IJIOCKOCTh IIEPECEKAET
MI0CKOCTh o 1o mpsimori A,B,. Tlpsimast @ mapannensHa npsmoit A B, Tak kak
OHA HE NEPECEKAET IIOCKOCTh 0.

Takum 0OpazoM, MPOTHUBOTOIOKHBIE CTOPOHBI
yeTblpexyroiapHuka ABA, B, napamnensusl. Crneno- @

BaTeJIbHO, 3TO MapauIeIOrpaMm.

B atom napamnenorpamme AA, = BB,.U

Paccmosnue om npsamotl 0o napannenvHoll ei
IUIOCKOCTHU Ha3bIBAETCSI PACCTOSIHUE OT JIF00OM TOUKH
3TOM MPSIMOU 10 TUIOCKOCTH.

PaccTosiHus OT ABYX NMPOU3BOJBHBIX TOYEK
IIOCKOCTH 10 MapajjebHOW MJIOCKOCTH paBHBI. PaccTossHMEM MeEXIy
napaJuieIbHBIMU IUIOCKOCTSIMH Ha3bIBA€TCS PACCTOSIHUE OT JIIOOOW TOYKH
MJIOCKOCTH 10 JAPYro# MiockocTu. BeicoTa cTona, n300paxeHHOTO Ha puc.4,
paBHA PACCTOSIHUIO MEX]Ty IIIOCKOCTSMH I10J1a U CTOJIA.

Teopema 5.8. /[ee ckpeuwgusarouiuecs npamle umeron 00uiuIl eOUHCmeEeH-

HblIl nepneHoOuKynap.

Jloxazamenscmeo. Ilycth @ u b — nanubIe @
ckpermuBaromuecs npsmele (puc.S). [Tokaxem,
YTO B THUX NPSMBIX MOXKHO BBIOpaTh TaKue
touku A u B, rae npsimas AB nepnenaukymsip-
Ha psIMOiA U @ 1 ripsimoii b. TTycTek mtockocTh
Ol POXOAUT uepe3 npsimyto b u mapamnensua
npsMoil a. BospMeMm Ha 310l nipsiMoit Touky C
u oT He€ onmyctuM nepreHaukysip CD k miockoctu o. Yepes nepecexaromuecs
npsimbie a8 1 CD nposeaem mitockocts . [TycTh mpsiMas @, — Touka rnepecedeHus
MJIOCKOCTH O U 3.

Tax kaxk @, || @, To nmpsimbie &, u b mepecekaroTcs B HeKoTOPOii Touke B. Uepes
Touky B omyctum nepnenaukyssip BA k npsmoit a, nexarneit B miockoctu 3.

B pesynbrare 06e npsimbie AB u CD niexar B ma0ockoCTH 3 U HepHeHIUuKY-
asipHel ipsimoit @. [Toatomy AB || CD u AB 1 a.

Cnenosarensro, AB L au AB L b. TTpsimas AB ecTh uckoMasi mpsiMasi ¥ OHa
HEPICHIUKYIISIPHA KX/ U3 CKPEIIMBAIOIINXCS MPSIMBIX @ 1 D.

Jlokaxxute eIMHCTBEHHOCTh OOIIUX MEPIIeHANKYISpoB.

Paccmosnuem medxcoy oeyms ckpewugarowumucs npamulMy Ha3bIBACTCS
JUTHHA WX OOIIET0o MEePIeHIUKYIpa.

W3 BhllIenprBeIEHHON TEOPEMbI UMEEM CJIETYIOUINI BBIBOJ:
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PaccTtogsunue wMexnagy naOByM4
CKPCIIUBAIOIIUMHUCS TpsiMbIME @ 1 D (puc.6)
PaBHO PACCTOSTHUIO OT JIFOOOW TOUKHU MPSMOUN
a J10 TVIOCKOCTH O, TapaJuIeIbHOM IPSIMOU &, B
KOTOPO#i JICKHUT Tipsimast b.

Temepb, 0CHOBBIBASICH HA BBIICTIPUBEICHHOM,
MOEM YHMCIEHHO ONHUCAaTh B3aUMHOE
pAacIoIOKeHUE IBYX NPSMBIX B TIPOCTPAHCTBE.

B3aumHoe pacnionoxeHre IByX MPSMBIX B IPOCTPAHCTBE OMUCHIBAIOT YUCTICHHO:

* €CJIM B3aUMHO IE€PECEKal0TCs, TO Yyrojl oL MEKIy HUMU (puc.7a),

* €CJIM B3aMMHO MapaJJIENIbHBI, TO PACCTOSTHUE MEX Ty HUMU (puc.70),

*©CJIM B3aMMHO CKPEUIMBAIOIIMECS, TO YTOJ 0L MEXKy HUMH U paccTosHue d
MeXIy HUMH (pHC.7B).

3aoaua. Y yerpipexyronpHoii mupamuasl SABCD Bce pebpa paBHbl A .
Haiinure paccrosaue mexay e€ peopamu AB u SC (puc.8).

@a) o 6 .

Pewenue. 1lo teopeme 4.8 B pedbpax AB u
SC cymecTBytoT Takue Toukd X # Y, 9TO MpsMas
XY nepnenaukynsipa oboum pedpam AB u SC.
[Ipsmas XY Takxke neprneHIuKyaspHa TUIOCKOCTH,
Ha KoTopoil mexut npsmas SC, mapanienapHas
npsimoii AB.
JloTTyCTHM, 9TO TUIOCKOCTH Ol TIPOXOIUT Yepes
TOUKY S W mepneHaAuKyaspHa mpsmoit AB. Dta
IUTOCKOCTH IIpoxoauT Yepe3 Touku M u N cepenunst pedep AB u CD. Torma XY||a
U nipoekuus orpe3ka XY B INIOCKOCTh 0L paBHA OTpe3Ky XY.
Terneps ornpeneanuM TOUKH MPOSKTUPOBAHUS TOUEK X U Y Ha TNIOCKOCTH OL.
Tak kak AB L a, T0o Bce Touku pebpa AB mpoekTupyrorcs B Touky M .
CnenoBatelibHO, U TOYKa X MPOEKTUPYETCs B TOUKy M.
Tax kak Touku S u C NPOEKTUPYIOTCS, COOTBETCTBEHHO B TOUKH S U N,
To oTpe3ok SC npoektupyercs B oTpe3ok SN. [Tockonbky mpsmas SN jexut
B IUIOCKOCTH, NapayiienbHol npsamoi AB, nckomoi npoekuueit orpeska XY
SIBJISIETCS IEPIECHIUKYIISAP, OMYIIEHHBIN U3 Touku M K npsimoit SN.



JInuHy 3TOro meprneHIuKyiaspa d HaljaeMm, HUCIONb3ys IJIOMAb
paBHOOenpeHHoro Tpeyronbanka SMN ¢ ocHOBaHMEM, paBHBIM @ M OOKOBOI

a\3

CTOpOHOI/I paBHOI/I >

C ozHoit CTOpOHBI IUIOIA/b STOTO TPEYTOJIbHUKA PABHA % ﬂ_ ac apyroi
paBHa % a3 4 Y3 yrux paBencts: d = %@ :

E Bonpocwt Kk meme u ynpasicnenus

1. Jlaiime onpedenenue nepneHOUKYIAPa U HaKJIOHHOU K HJIOCKOCMIU.

2. Ymo nazvieaemcs npoekyueli HaKl1OHHOU K NIOCKOCMU?

3. Kax onpeodensemcsa paccmosanue om mouku 00 niockocmu?

4. Kaxk onpeodensemcs paccmosinue mexcoy npsamoul, napaiieibHol ni0CKOCMuU U
n10CKOCMbio?

5. Kax onpedensemcsa paccmosnue mexicoy 08yms NapanielbHblMU NPAMbLMU?

6. Kaxk onpedensiemcs paccmosnue mexcoy 08yMs CKpeuuUsarouuMucs npamolmu?
7. Kaxue yucnennvle enuuunsi onpeoensitom 63aumHoe pacnoodtcenue 08yxX NPIMulxX
6 npocmpancmee?

5.15. Touku A, B, Q mpuHaiexar riockocTH o, a Touka M eii He IprHAIeKUT
u MQ L a. OnpenenuTte, kakue u3 orpeskoB MA, AQ,

MQ, BQ, MB saBastoTcs: a) IEepHIEeHANKYISIPOM;
0) HaKJIOHHOW; B) NMPOEKIINECH HAKJTIOHHOM.

5.16. 13 touku A mpoBeIeHbI K IUIOCKOCTH O
nBe HakioHHBIE AB u AC, Takke eprneHIuKyIIsp
AO (puc.9). CpaBHUTE TPOCKITMH HAKIIOHHBIX, €CITH
AB=2,5cm, AC=3 cm.

9.17. U3 Touku A mpoBeJeHBI JBE HAKIOHHBIE
(puc.9). Haitnure nnmuHy 3TMX HAaKJIOHHBIX, €CJIH JUIMHA OJHOW M3 HAKJIOHHBIX
Oomplie Ha 26 cM, 4eM BTopas, a JJIUHbI Tpoekiuid 12 cm u 40 cm.

5.18. U3 neHTpa OKPY>KHOCTH, ONMMCAHHOW K TPEYTrOJIbHUKY, MPOBEICHA
npsiMasi, IePICHANKYISIPHAS TUIOCKOCTH TpeyroibHuKa. Kaxkmas Touka »ToM
NPSIMOM JIEKUT OT BEPIIMHBI TPEYyTroJIbHUKA HAa OJWHAKOBOM PACCTOSHUH.
Jokaxwure.

5.19. K mnockoctu xBanpara ABCD mnomazgsio: a) 21 cm?; 6) 96 cm?;
B) 44 cM?; 1) 69 cm?; 1) 156 cm? onymieH neprneHaukyassp DM mmuHOM 10 oM.
Haiinure nmuny Hakinonaon MA.
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5.20. Yepes BepuInHy OCTPOrO yIiia MpsiIMOYyTroiibHOTO TpeyronbHuka ABC
c npsimbIM yriom C mposeznena npsiMas AD, nepneHaukynspHas MI0CKOCTH
TpeyronpHuka. Haiinure paccrossaue ot Toukn D mo Bepmmu B u C, ecnu
AC=c,BC=buAD =c.

5.21. BepxHue KOHIIBI IBYX BEPTHUKAIBHO CTOSAIINX CTOJIOOB, yAaJCHHBIX Ha
paccTosiHuu 3, 4 M, COeTMHEHBI TepeKIaaAnHol. BricoTa ogHoro cTonba 5,8M, a
apyroro 3,9M. Haliqure niuHy nepekiajnHbl.

5.22. Tenedonnplit MPoBOA TMHOK 15 M TPOTSIHYT OT TeaehOHHOTO CTOJ-
0a, r71e OH NMPUKPEIUIEH Ha BbICOTE § M OT MOBEPXHOCTH 3€MJIU K JIOMY, IJI€ OH
npukperuieH Ha Boeicote 20 M. Haiinure paccTossHue MEXIy JOMOM M CTOIOOM,
CUMTas1, 4YTO MPOBOJ] HE MPOBUCAET.

5.23. lnuna neprieHaukyasipa PQ, omymieHHoro K TIOCKOCTH U3 TOYKH P,
paBHa 1, a qmunHb! HakIoHHBIX PA 11 PB paBnsl 2. Touka C cepennna orpe3ka AB.
Haiigure nmuay otpeska QC, ecim a) ~APB =90°% 6) ~APB = f.

5.24. U3 Bepmunbl B Tymoro yrma mapamienorpamma ABCD BoccTaBiieH
oTpe3ok BH, mepmenaukynspHo K ero miockocTtu. Haiigure cTOpoHBI
napayenorpamma, eciimt AH =5 cm, HD = HC = =8,5 cm, AC = 1,5\/@.

5.25. Touka M naxomutcst Ha paccTossHuU 40 CM OT KaK0W BEPIIMHBI TIpa-
BunbHOTO Tpeyronbauka ABC co croponoii 60 cm. Haitnure paccrosiHue ot
miockoctu Tpeyroasauka ABC 1o Touku M.

17 . TEOPEMA O TPEX HEPHEHAUKYJISAAPAX

Teopema 5.9. Ecnu npamas, npogedennas ¢ njiioCKoCmu 4epe3 0CHO8anue
HAKJI0HHOIl, NEPREHOUKYIAPHA €€ RPOEeKUUU HA IMY NIOCKOCHb, MO OHA
nepneHOUKYIAPHA U CAMOU HAK/IOHHOIL.
Jloxazamenvcmeo. Ilyctb orpe3ok AB mep-
@ A NEH/IUKYJIAp, OMYIIEHHBIN K IJIOCKOCTH O, a
AC — naxnonnas. [lycts npsimast ¢, nexarias B
1 IUIOCKOCTH 0, Ipoxoasias uepe3 Touky C u nep-
Zg o NEHANKYISIPHA K TPOEKIIMH HAaKIOHHOM (puc. 1).
[TpoBenem mpsimyro A,C mapamiensao AB. Ora
9 npsiMasi epreHANKYISIPHA TUIOCKOCTH OL.
UYepes npsimbie AB 1 AC, ipoBeieM TITI0OCKOCTh
. [Ipsimas ¢ nepnenaukysipaa mpsimoit CA,. OHa 1o yci0BuIO, IEPISHIUKYIISIPHA
u npsmoii CB. Toraa npsiMas ¢ mepneHIuKyIsipHa K IIOCKOCTH f3.
CrnenoBarenbHO, psiMasi C IepreHANKYIsIpHA U HakiIoHHOM AC, nexarieit B
wiockoctu B. U




Tak kak B TeopeMe peub UAET O TPeX MEePIEeHAUKYIIPax, OHA TOIyYnsIa Ha-
3BaHHE «TEOpeMa O Tpex MepreHIUKysIpax». CrpaBeyinBa U Teopema, ooparHast

eil. Jlokaxxute €€ caMOCTOSITENIbHO.

Teopema 5.10. Ecnu npamas, npogedenHasn 8 R10CKOCHU Yepe3 0CHOGAHUE HAKIOH-
HOIl, nepneHOUKYNIAPHA HAKIIOHHOIL, MO OHA NEPREHOUK)IIAPHA U €€ NPOCKUUU.
3aodaua 1. Yepes LIeHTp BOIMCAHHOMN B TPEYTOJIbHUK OKPYKHOCTH MPOBEACHA
npsiMasi, epHIeHAUKYIIIpHas IUIOCKOCTH TpeyrojabHukKa (puc.2). Jlokaxute, 4To
MIPOU3BOJIBHAS TOYKA 3TOM MPSMOM paBHOYJAICHA OT CTOPOH TPEYTOIHHUKA.
Pewenue. ITycts A,B,C — TOukH KacaHUsI CTOPOH TPEYTOIbHHUKA C OKPYKHO-
cThio, O — IEHTp OKPYKHOCTH U S IPOU3BOIIbHAS TOYKA HA MEPIICHAUKYIISPE.
Tak kak paguyc OA nepreHIuKyIsIpeH CTOPOHE TPEYTOIbHIKA, TO TI0 TeOpeMe

0 Tpex nepreHauKyisipax, OA ecTb MepHeHIUKYISP
K 2T0i1 ctopone. Torna SAO ecTb IpSIMOYTOIBHBII
TpeyroiabHUK. [1o Teopeme [Iudaropa,

SA=+vVA02 + 0S2=1r2 + 0S?, e I — paamyc
BITUCAHHOUN OKPYKHOCTH.

TouHo TaK *e, U3 PSIMOYTOJIBHOTO TPEYTOIbHUKA
SBO naiinem. SB = r? + OS? a u3 npsMOyTOILHO-
ro Tpeyronpauka SCO naitnem SC = \r2 + OS2 .

Cnenosarensno, SA =SB = SC. U

Ha ocHoBe pucynkoB 3 u 4 npuBenem Oomee
o0mme cimydau, mogoOHbIe 3aaa4de 1 st mpous-

S

BOJILHOTO MHOTOYTOJIbHHMKA (JJIsI CAMOCTOSITETLHOTO JTOKa3aTelIbCTBA).

® ®



3aoaua 2. Touka B IpOCTPAHCTBE PABHOY/AAJIEHA OT CTOPOH MHOT'OYT'OJIbHUKA
M OT Hee OIMYIICH MEePIEHANKYISAP K MIIOCKOCTH MHOTOYTojbHUKA. JlokaxuTe,
YTO OCHOBAHME HTOTO MEPIEHAUKYISIPA COBHNALACT C LIEHTPOM OKPY’KHOCTH,
BIIMCAHHOM B TNIOCKOCTh MHOTOYTOJIbHHKA (pHC.3).
3aoaua 3. Touka B IpOCTPAHCTBE PABHOYAAJIEHA OT CTOPOH MHOT'OYT'OJIbHUKA
M OT Hee OIYIICH MEePIEHANKYIAP K MIIOCKOCTH MHOTOYTojbHUKA. JlokaxuTe,
YTO OCHOBAHUE ATOrO MEPHEHIAUKYISpAa COBMANAET C LEHTPOM OKPYXKHOCTH,
BIIMCAHHON B MHOTOYTOJBHUK (puc.4).
3aoaua 4. B nnockocts Tpeyronpauka ABC ot ero BeprmHbl A mpoBeneH
neprneHaukyisip (puc.S). Haliqure paccrostaue ot Touku D o npsimoii BC, ecnm
AB =13,BC =20,AC =11 u AD = 36.
@ Pewenue. VIckoMoe pacCTOsIHUE PABHO JUJIMHE
D NEepIEHIUKYIISIpa, OIMyLIEHHOTro 13 Touku D K cTopo-
W He BC. J{7151 TOro 4to0b! OMYyCTUTH 3TOT NEPIEHIU-
KyJIsIp, HaJ0 HaliTH ero ocHoBaHue B ctopone BC.
B Muns aTOoro onyctuM U3 BepUIMHBI A TPEYTrOJIbHUKA
ABC Bricoty A0 B cropony BC: AO L BC.
Torma mo Teopeme o Tpex nepreHanKyspax, BC
A 1 DO. CnenoBarensio, DO — ncKOMBIH OTpE30K.
Teneps Haitnem mmmny orpeska DO. Cragama
HaliieM iomas Tpeyroiasauka ABC o dpopmysie

==
-
-
-
-
-
-

I'epona:

p=(a+b+c):2=20+ 11+ 13):2=22;

S=\p(p-a)(p-b)(p-c) =v22:(22-20)-(22—11)-(22— 13) = 66.

DO=2S/a=(2 66):20=06,6.

B mpsimom tpeyronpanke ADO no Teopeme Iudaropa

DO = VAD* + AO* = \36 + 6,6 = 36,6.

JlormycTm, 4TO JaHa TUIOCKOCTH OL M IIpSIMas @, IepeceKaroiasi 3Ty II0CKOCTb,
HO HE MepHeHauKylsipHas eil (puc.6). M3 kaxaoi TOYKH OpsIMON & OIyCTHM
NEPHEeHIUKYIISAPBI K 3TOU IMII0CKOCTH. OCHOBaHMS
3TUX MEPHEHIUKYIISIPOB 00pa3yIOT NPSIMYIO a,.

[Ipsimast @, Ha3bIBaeTCs nMpoexyueu NpIMon
a B IUIOCKOCTH Q.

Yenom meorcoy npamou a u niockocmuio .
Ha3bIBACTCsl YTOJI MEXKTY PSMOM U €€ IPOEKLUEN
Ha MJIOCKOCTb.




Ecnu npsimasi nepneHuKkyaspHa IMI0CKOCTH
(puc.7) To yroa Mexay Hel U TIIOCKOCTHIO paBEH
90°, ecnin OHA MapasuieabHa INIOCKOCTH, TO yTOJl
MEK1y HUMH ITPUHUMAETCS paBHBIM (°.

B Bonpocu K meme u ynpasiCHenus

1. Onuwume meopemy o mpex nepneHouKyisApax.
Iloyemy ona max nazeana?

2. Chopmynupyiime meopemy, oOpamuyro meopeme o mpex nepneHoOuKyIapax u
nPOKOMMeHmupyme.

3. Kak onpeodensiemcst y2on mexcoy npsamot u niocKoCmvio?

4. Ckonvko 2padycog yeoi mexcoy nioCKOCmbiO U NPIMOU, NePNeHOUK)IAPHOU ell?

5.26. Touka A NEeXUT Ha PACCTOSIHUU & OT BEPIIMH PABHOCTOPOHHETO
TpeyroibHuka. Haliure paccTosiHue oT TOUKU A 10 MIIOCKOCTH TPEYTOJIbHUKA.

5.27. OT ToukH S BHE IUIOCKOCTH Ol IPOBEJICHBI TPU PABHBIC HAKIIOHHBIC SA,
SB, SC u nepnengukynsip SO. [lokaxkure, uto ocHoBanue O meprieHANKYIsIpa
SBJISIETCS LIEHTPOM OMHMCAHHOW OKPY>KHOCTH OKOJIO TpeyroiabHuka ABC.

5.28. CTopoHBI paBHOCTOPOHHETO TpEeyroiabHHKa paBHBI 3 M. Haiigure
paccTosiHue 10 MIOCKOCTH TPEYToJbHHMKA OT TOYKH, KOTOpas HaXOAMTCS Ha
PAcCTOSTHUU 2 M OT KaXKJOW U3 €r0 BEPIIHH.

5.29. B paBHOOEIPEHHOM TPEYTrOJbHUKE OCHOBAHUE M BHICOTA PABHBI 4 M.
JlanHast TOUKa HAXOAUTCS HA PACCTOSTHUM B 6 M OT IJIOCKOCTH TPEYTOJIbHUKA U
Ha paBHOM pacCTOSIHUU OT ero BepiuuH. Haiinure 310 paccrosiHue.

5.30. Pacctosinme ot Touku A 10 BepuIuMH KBajpara paBHO a. Haigure
paccTosiHUE OT TOUKH A JI0 TNIOCKOCTH KBaJIpara, €k CTOPOHA KBapara paBHa b.

5.31. Haiiqure reomeTpudyeckoe MECTO OCHOBAHWN HAKJIOHHBIX JTAHHOU
JUIMHBI, IPOBEICHHBIX U3 JAHHOW TOYKHU A0 MJIOCKOCTH.

5.32. V3 TOUKM K TUIOCKOCTH MPOBENICHBI ABE HAKJIOHHBIE, paBHbIe 10 cM n
17 cm. PaznocTh mpoekiuii 3TUX HaKJIOHHBIX paBHa 9 cM. Halingute npoekuuun
HAKJIOHHBIX.

5.33. U3 TOYKH K IUIOCKOCTH MPOBECHBI JBE HAaKJIOHHBIe. Halimute amuny
HAKJIOHHBIX, eciu: 1) ogHa U3 HUX Ha 26 cM Oonblle Apyroi; 2) HaKIOHHBIC
OTHOCATCA K 1:2, a IpOEKIMH HAKJIOHHBIX paBHbI 1 cM 1 7 cM.

5.34. U3 Touku A, nexariei Ha pacCTostHuH 0 OT TNIOCKOCTH Ol IPOBE/ICHBI K
aTol Tiockoctu HakitoHHbIe AB 1 AC oz yrimom 30°. VIX mpoeKIuu Ha IMII0CKOCTh
o oOpasytor yrox 120°. Haitnure niuny otpeska BC.
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5.35. Ecniut oMH U3 KaTeToB MPSIMOYTOJILHOTO TPEYTOJIbHUKA TPUHATICIKHUT K
IIJIOCKOCTH, @ BTOPOM COCTABIIAET C HEW yroi 45°, TO JOKAKUTE, YTO TUIIOTEHY3a
COCTABJIET C TUIOCKOCTHIO yroi 30°.

5.36. HakioHHas @ ¢ IUIOCKOCTBIO 0. 0Opa3yeT yroi 45°, a npsimas b B
IJIOCKOCTH 00pa3yeT ¢ MPOeKIUeil HaKIIOHHOM yrout 45°. Yron Mexay npsMbIMU
au b pasen 30°. Jlokaxure.

5.37. Touka P nexuT Ha paccTosHUM @ OT KaxkIoi BepuHbl kBaapara ABCD,
CTOpOHA KOTOPOTO paBHa a. HaiiauTe yrom N Mex Iy MI0CKOCTH KBagpara u mpsamoit AP.

5.38. Bce pebpa mpsiMOyrofibHOM MUpaMu bl B3aUMHO paBHbL. Haiiaure yron
MEX]ly peOpOM U I'paHblo, KOTOPOIl He IPUHAAISKUT JaHHOE PeOpo.

5.39. 3mepeHust mpsiMOyTONIBHOTO Tapauiesienuiesia papHb &, b u €. Haiiaure pac-
CTOSIHHE MEX/Ty JMarOHaJIbIO TapaJuleIeUIeia v INarOHaISIMK €0 OOKOBBIX I'paHeii.

NEPNEHJIUKYJSIPHOCTD INIOCKOCTEM B
INPOCTPAHCTBE

@ Heyepannvim yenom Ha3blBaeTCH
reomeTpuyeckas purypa, oopazoBaHHAsI IPSIMON
a ¥ IByMsl TIOJIYIUIOCKOCTSIMU C 0011l rpaHuLien
a. (puc.1) ITomymmoCKOCTH HA3BIBAKOTCS epaHsIMU
JIByTPAHHOTO YIV1a, a IPsIMasi @, UX OrPaHW4KBAIOILIAs],
HA3BIBACTCS peOpom IByTPAHHOTO YTIa.
[IpencraBinenue o ABYIrpaHHOM YyIJI€ JArOT
MpeIMeThI U3 OOBIICHHOM XU3HU (pUC.2): KHUTA,
HOYTOYK, MOIypacKpbITasi ABEPb, ABYCKAaTHbIE KPBILIMU 3AaHUA U T.1.

W3 mponsBonabHOI TOUKK pedpa AByTPaHHOTO yIiia B K&XKAOW I'PaHU IPOBEAEM
Jy4 NEPIEHAUKYISIPHO K pedpy. OOpa30BaHHBIM 3TUMU JIy4aMHU YTOJl HA3bIBAETCS
JIUHEUHbIM YelioM IByTpaHHoro yria (puc.3).

Kak Bu1HO 13 onpeienieHys, TMHEHHBIN yTo IBYTPaHHOIO YIvia ONpeAeseTcs
TOYKOW, BBIOpaHHOHN Ha pebpe W, OYeBUIHO, YTO JABYTPAHHBIN yrojd MMEET
OECKOHEYHOE MHOXXECTBO JIMHEHHBIX YII0B. XOTS 3TO TaK, HO BEJIHUYMHA
JUHEIHHOTO JABYTPAHHOTO YIJla HE 3aBUCHUT OT BBIOPAHHOW TOYKH, T.€. BCE OHH
PaBHBI JIpYT JIPYTY.

Benuunna 1BYrpaHHOTO yIyIa ONpeesieTCs BETMYMHON €ro IMHEWHOTO yIJia.
B 3aBUCHMOCTH OT TUHEIHBIX YIIIOB OCTPBIX, MPSAMBIX, TYIbIX U PA3BEPHYTHIX,
JBYTPAHHBIC YITIBI PA3JEISIIOTCS HAa OCTPBIC, MPSIMbIC, TYNble U Pa3BEPHYTHIC
IByrpaHHble yribl. Ha puc. 4 n3o0paxeHsl pasHble JABYI'PaHHBIE YIJIbI.



JIBe mepecekaromuecs MmIOCKOCTH pa3lessioT IPOCTPAHCTBO Ha YEThIpe
JBYTPAaHHBIX yI1a ¢ 001mmM ero pedpom (puc.5). Ecnu oquH U3 3TUX IByTrpaHHBIX
YIJIOB PABEH O, TO BEIMYHUHA OJJHOTO U3 3TUX YITIOB TOXKE paBHA O.. A BEJIMUMHA
OCTaJIbHBIX JIByX paBHa 180° — a..

Cpenu 3THX JBYT'PAaHHBIX YITIOB UMEETCS €Ile Yo,
BEJIMYMHA KOTOporo MeHbue 90°. BennunHa 310ro0
yIila IPUHUMACTCS 32 Y207 MeHCOY NepeceKkaouumMucs
NIIOCKOCAMU.

Ecnn oquH U3 nByrpaHHbBIX yITIOB NPSIMOM YIoOJ, T.€.
paBeH 90°, To OCTaJIbHbBIE TP TOXKE SABJSIOTCS MPSIMBIMU
yriamu (puc.6).

[Inockoctu, nepecekaroniyecs o NpsMbIMH YITIaMH,
Ha3bIBAIOTCA NEPNEHOUKYIAPHBIMU NAOCKOCHAMU.

B xauecTBe npuMepa nepneH ANKYIsIPHBIX TUIOCKOCTEN @ -
U3 OKpY’XKalolllel cpeabl MOKHO HNPUBECTH MOJBI U
CTEHBI KOMHATBI, CTEH ¢ 00IMM pedpom, Kyouk PyOuka,
IJIOCKOCTh 3€MIIM U CTEH JIOMa, a TakKe CTeH aoma, / o oy
COTIPUKACAIOIIMXCS APYT € IpyroM (puc.8). A T

[lepieHAUKYASIPHOCTH TIIOCKOCTEH O va [3 Kak B
cily4yae NpsMbIX 0003HAYaeTCsl C MOMOIIBIO 3HaKa “L” g

Tak: o L f3. 5P
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/D/a Tenmepr ocTaHOBUMCS Ha CBOWCTBA NMEPIEHAU-
KyJIsapHBIX miaockocteil. Crnenyrmmas Teopema
_c.l. 1B HAa3bIBACTCS NPUSHAKOM NEPREHOUKYIAPHBIX NIOCKOCEN.
/ L] = B C/' Teopema 5.11. Ecnu oona uz 0gyx niockocmeil
/ : / npoxooum uepes npAMyi10, nepneHOUKYIAPHYI0 K
Opy20ii n10cKOCmu, Mo maxue nja0cKOCmu nepnet-

Ve OUKYIAPHBL.
y Jlokazamenscmeo. PaccMOTpUM IIJIOCKOCTH o U 3,

TaKHe, 4TO IIIOCKOCTD OL IPOXOIUT Yepe3 MPSIMYTO 8, TIEPICHANKYISIPHYTO K TTIOCKOCTH
B. ITycr A Touka niepecedeHust IockocTy B 1 npsimoid a (puc.8). Jlokaxkem, uro aLb.
[Tnockoctu a u B mepecekarorcs nmo npsimoit AB. Torma, ABLa, Tak kak mo
ycnosuto Lla. [Iposenem npsimyro AC, ntexarniyto B TNIOCKOCTH 3 ¥ TIEpIICH -
KyssipHyto K nipsimoit AB. TTomydennsiii yron DAC siBisieTcs TMHEWHBIM yTIIOM
nByrpannoro yrina o 3. I[To ycnosuro aLf. Torma, DAC npsimoit yron. Cienosa-
TenbHO, o.Lf3. U
W3 3T0i1 TeOpeMbl BHITEKAET CIIC/ICTBUE.
@ Cneocmeue. Ilnockocmo, nepneHOuKynapHas K
npAMOIl, N0 KOMOPOIl nepeceKarmca 06e OaHHble
NJ10CKOCMU, NEPREHOUKYIAPHA K KAXHCOOU U3 IMUX
niaockocmeii (puc.9).
CnpaBenuBa u Teopema, ooparaas Teopeme S5.11
npuBeaEM e€ 6e3 JoKa3aTeIbCTBa.
Teopema 5.12. Ecnu uepe3 Kakyo-Huoyob mouKy
OOHOIL U3 08X NEPNEHOUK)IAPHBIX NIIOCKOCHElL BPOoge-
CHU BPAMYIO, REPREHOUKYIAPHYIO K 6MOPOIL NJIOCKOC-
mu, mo ma NPAMAs JAeHCUM 6 NEPBOIl NIIOCKOCHIU.
Cneocmeue. Eciu 06e naockocmu nepneHou-
KyApHbl mpemsvell na0CKocmu, mo npamas, ux
nepeceuenus modxyce NEPREHOUKYIAPHA IMOIL NI10-
ckocmu (puc.10).



3aoaua 1. Ecnu Touka M npaBuIIbHOM NHUpaMUbI Q
QABC sBnseTcs cepenuHoi pebpa ee OCHOBaHHs{@
(puc.11), To mokaxute, uTto miockocth QCM
NepPIEHANKYIIpHA K MITOCKOCTH ocHOBaHUs ABC.

Jloxazamenvcmeo. Tak kak oTpe3ok AB ocHoBaHue
paBHOOepeHHbIX TpeyronbHukoB AQB u ACB, o oH
neprneHanKyisiped u k MenuanaMm QM u CM sTtux
TpeyroinbHUKOB. OTpe3ok AB mepnenaukynsapeH u
miockoctd QCM. Torma mo teopeme 5.12-1m1ockocTh
ABC nepnenaukyisipHa miockoctu QCM. U

3aoaua 2. Ilnockuit yron AQB mnpu Bepmmue
npaBunpHON mupamuasl QABC pasen o. Haiigute
JIByTPaHHBIN yroj B ee 00koBoM pebpe (puc.12).

Pewenue. Tlycts, Touka N cepeguna pedpa AC, a
AK mneprieHANKYJsAp, MPOBEICHHBIN Yepe3 TouKy A K
pebpy BQ.

N3 paenctra tpeyronpHrkoB ABQ n CBQ nmeem
CK L BQ. ITosromy yron AKC sBnsercst TMHEHHBIM
yIiIoM AByrpaHHoro yria BQ.

W3 mpsmoyronbHbix TpeyronbHuKoB AKQ 1 ANQ
uMeeM:

AK = sina, AN = AQ sin(al/2).

W3 npsimoyronbHoro Tpeyroibauka AKN nmeem: (4A2KC )=

1
2cos(a/2) -

AN _ 1

AK  2cos(a/2)’

Orcrona, .~ AKC =2 arcsin

B Bonpocel k meme u 3a0anusn

Ymo nazvieaemcs 08yepaHHbIM Yenom?
Kaxoti yeon nasvieaemcst yenom mexicoy 08yms npsamoimu?
Kax nasvisaromes niockocmu, nepecekarowuecs noo NPamoim yeiom?
Cchopmynupyiime npusHax nepneHOUKYIAPHOCHU NIOCKOCHIEU.
Cehopmynupyiime ceoticmea nepneHOUKYIAPHLIX NIOCKOCME U Onuume.
5.40. a) Onpenenute neprneHUKYIIPHbIE TPAHU U HA30BUTE MIPSIMbIE IBYTPAH-
HBIC YIIIBL: @) TpsiMoyToibHOTO apasuienenunena ABCDA,B,C,D,; 6) npaBuibHOiA
npusmbl ABCA B,C,.

5.41. dan xy6 STUVS,T,U,V, (puc.13). SBnsieTcs 11 TUHEHHBIM yTIOM
nsyrpansoro yrna T,CVT: a) yron TVT,; 6) yron T,ST. Haiiaute 3naueHue
(Bemumuuny) aByrpansHoro yria V,UTS .
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5.42. lanbl nBa IBYI'paHHBIX yIvia, y KOTOPBIX OJHA
rpaHb 00111251, a ABE APYTUE TPAHU SBISIOTCS PA3TMIYHBIMH
HOJIYINIOCKOCTSIMH OJTHOW IJIOCKOCTH. JloKaxkute, 4To
CyMMa 3THUX JBYXI'PAaHHBIX YIJIOB paBHa 180°.

5.43. Cropona YZ tpeyronbuuka XYZ J€XUT B MJI0C-
kocTtu . M3 ee BepmnHbl X onyunieHbl BbicoTa XA H
nepneHaukymsap XP k mmockoctu 3 (puc.14). Jlokaxwure,
yt0 yroia XAP nuHeiHbIi yron npyrpannoro yria XYZP.

5.44. Pe6po CD TtpeyronpHoit nupamuasl ABCD
nepreHIMKyIspHO K miockoctn ABC. Halimure nByrpaHHbIe
yrbel DACB, DABC, BDCA, ectu AB=BC=AC=6u BD= 347,

5.45. U3 Touku T onyleHa HAKJIOHHASA B TUIOCKOCTh \Jf
(puc.15).

Ha kaxux pucyHkax BepHO 0003HAUEH yTOJ O MEKIY
IUIOCKOCTBIO U HAKJIOHHOM?

0) B)

5.46. B tpeyronpHol nupamune ABCD yrer DAB, DAC, ACB npsiMbie u

AC = CB = 5 va DB = 5V5. Haiizure neyrpanublil yroa ABCD.

5.47. T1n10CKOCTh JIMHEWHOTO YIJIa JBYTPAHHOTO yrIja MEpPHeHAUKYIsIpHa

Ka)KJI0¥ rpaHu 3Toro yrma. Jlokaxure.

5.48. JIBe Touku, Jexalue B OJHOW T'paHHU
JIBYTPAHHOTO yTJia, HaXOJsITCs OT ee pedbpa Ha
paccTosTHUM COOTBETCTBEHHO 51 cM u 34 cM. M3BecTHO,
YTO MEpBasi U3 ITUX TOUEK HAXOJUTCS HA PACCTOSTHUU
15 cm ot apyro# rpanu. Haiiaute pacctosiHue ot 3Toi
IpaHyu 10 BTOPOU TOUYKHU.



5.49. ITnockocTu mpsAAMOYTOIBHOTO Tpeyronbauka ABC
(«C=90°) u kBagpara ACPR B3anMHO TIepIIeHJUKYIISIPHBI
(puc.16). CropoHa kBajpara 6 cM, TUTIOTEHY3a TPEYTOJIbHUKA
10 cm. Haigure anuny otpeska BP.

5.50. Otpeszok MK nepneHauKyIspeH MmIoCKOCTU
npsiMoyrosnpHoro TpeyronbHuka ABC (~C = 90°).

Haiimure nnuny orpeska MN, eciiu KN||AC, AK = KB,
AC =12 cm, MK = 8 cm (puc.17).

5.51. IlnockocTtu paBHOOenpeHHbIX TpeyroabHukoB ABC u ADC
nepreHaukysspHsl (puc.18). AC — ux obmee ocHoBanue. Otpe3ok AC meanana
tpeyroiparka ABC. Haligure nnuny orpeska BD, ecnu

BK=8cm, DK =15 cm.

OPTOI'OHAJIBHASA NPOEKIOUA B ITPOCTPAHCTBE U
19_ EE HMCIHOJIb30BAHUE B TEXHUKE

Eciu HampaBieHue MPOCKTHPOBAHUS | MEPHEHIUKYISIPHO MIOCKOCTH
MPOEKTUPOBAHUSA O, TO TAKOE NapaielibHOE MPOEKTUPOBAHNUE HA3bIBAETCS
OPMO2OHATILHBIM NPOEKIMUPOBAHUEM.

®durypa, Moay4eHHas: MPU OPTOTOHAJIBHOM MPOEKTUPOBAHUU, HA3bIBACTCS
OPMO2OHANLHOU NpoeKyuell 3aJaHHON (UTYPBI WIH COKPAIIEHHO NPOeKYUel.

Bce cBolicTBa mapajuieibHOTO NPOEKTUPOBAHUS CIPABEIJIMBBI U TIPU
OPTOTOHAJILHOM MPOEKTUpOoBaHUU. Huke JTI0KakeM TOJIbKO Ba)KHOE CBOMCTBO,
OTHOCSILIEECS TOJILKO OPTOTOHAJIBHOMY MPOEKTUPOBAHUIO.

Teopema 5.13. IInowaov opmo2onanbHOl RPOEKYUU MHO20Y20IbHUKA K NOC-

Kocmu pasna npou3eeo0enuto niaowaou MHO20y20J1bHUKA HA KOCUHYC yela

MeHcoy NJI0CKOCHBIO IN020 MHO20Y20/IbHUKA U NJIOCKOCHbIO RPOEKMUPOSAHUA.

/okazamenvcmeo. 1) BHauane paccMOTpuM cilydail TpeyroiabHHMKAa M €ro
IPOEKIUIO HA IJIOCKOCTh, IPOXOIALIYIO YEPE3 €r0 HEKOTOPYIO CTOPOHY.

[Tycts npoexrus Tpeyronpanka ABC Ha utockocTr o ecth TpeyronsHuk AB,C.

Onyctum Boicotry BK Tpeyronsauka ABC. Ilo Teopeme o Tpex
MeprneHanKysapax, orpe3ok B,K Beicota tpeyronsamnka KBB,(puc.2). Yron
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BKB, ecTb yroi ¢ u Mexay MaoCKOCTbIO TPEYTOJIbHUKA
¥ TUIOCKOCTBIO NpOeKTUpoBanus. B Tpeyronsauke BKB,
KB, = KB - coso.
Tora, Sppc=7 AC ‘KB, Sigc =7 AC - KB,.
Ortcrona nomyduM, Spgc= Spgc - cos@. Teopema B
cinyuae | nmokaszana.

2) Teopema ocTaeTcst BEpHOM M TIPU PACCMOTPEHUH BMECTO

TUIOCKOCTH . IPYTYOW TUIOCKOCTH [3, apayuiesibHOM eit

(puc.3). Ona goKa3bIBAETCS C TOMOIIBIO CBOMCTBA MAPAJUIEILHOTO MPOSKTUPOBAHMSL.
3) Tenepsp, eciu paccMOTpETh OOMIMI Cilydail MHOrOyroibHUKa (puc.4), To
TEopeMa B 3TOM cllydae JI0Ka3blBaeTcCs JeJIeHUEM

MHOT'OYTOJIbHUKA HA TPEYTOJIBHUKU C MOMOIIBIO €ro
JMaroHajei JUis MPUBEJEHUsl €ro Ha ciydai, pac-
CMOTpEHHBIH BbIe.

OproroHanbHasi IPOEKLUS UCTIONb3YETCS B TEXHU-
YECKOM YEpUEHUH IIPU MPOESKTUPOBAHUY PA3HBIX JI€Ta-
nel. YepTexxu pa3HbIX A€Tajel MAIIMH NOJIyYaloTCs
ITyT€M OPTOTOHAJIBHOTO TPOEKTUPOBAHUS HA O/IHY, JBE
WIHM TPU B3aUMHO NEPIEHIUKYISPHbBIE TIOCKOCTH.

OTH NPOEKIMU B 3aBUCUMOCTH OT HANpaBJIEHUS
MPOEKTUPOBAHUS HA3bIBAIOTCS TAKIKE BEPTUKAILHBIMH,
TOPU30HTAIBHBIMU U (PPOHTATHLHBIMH MPOCKIIUSAMU

E BO”pOCbl K meme u ynpa>iCHeHus

1.Ymo ma3zvieaemcsa OpmMO2OHALbHbIM
npoexmuposanuem?

2. llepeuucnume ceoucmea OpmocoOHANbHO20
NPOEKMUPOBAHUSL.

3. Kak npumensemcs opmo2oHanibHoe RpoeKmuposanue
6 uepueHuu?

4.Chopmyrupyiime ceoucmeo NIOCKOCMU,
nepneHOUKVIAPHOU OOHOU NPAMOILL.

5. B uem cywpocms 0606uennoii meopemol Ilugpacopa?
6. byoym nu 63auMHO napaieibHbiMu 08e npsamvle,
nepneHOUuKyIApHble mpemsvell nI0CKocmu?

7.Byoym nu 63aumMHO napanienbHbiMu ni0CKOCHb U
npAMas, nepneHOUKyIApHvle Mopoli N10CKOCmu?



8. CkonbKo nI0CKoCmel MON#CHO Npogecmu yepe3 3a0aHHYI0 NPAMYI0 NEPNeHOUKVIAPHA
K 3a0anHOU niockocmu?
9. IInockocms o nepneHOuKynapua niockocmu B; 6cakas au NPAMaAs nioCKoOCmu o
nepnenouKyiapra niockocmu 3?7
10. ITnockocms, npoxoosawas uepe3 HAKIOHHYIO K OpY20ll RIOCKOCHU, NePREeHOUKYIAPHA
JIU 5Mou niockocmu?
11. Ilepnenouxynaprul i nepecekarouyuecs Spanu npamoy20ibHO20 napaiienienuneoa’
5.52. Bynet nu opToroHaibHas MPOEKIHS TPAreUuu: a) KBaaparom; 0) oT-
PE3KOM; B) MPSMOYTOJIBHUKOM; I') IAPAJUIEIOrPaMMOM; 1) Tparneuuen?
5.53. 1o puc.6 onpenenure reoMeTpuyecKre (PUrypbl, OpTOroHaIbHas MPo-
€K KOTOPBIX MPSMOYTOJIbHUK.
5.54. Otpesok A B, oproronansHas npoekius orpe3ka AB k muiockoctu o
(puc.7). Ecniu AB =20 cm, AC=10cm, A B, =12 cwm,
TO HaiinuTe MHY oTpeska B,C,.
5.55. OproronanbHas mpoexius oTpe3ka AB mmHoi
5 ¢M K TUIOCKOCTH ® siBisieTcst oTpe3ok AC niuHo 3 cm
(puc.8). Haitnure xocuHyc yrina HakiioHa oTpe3ka AB k
IUIOCKOCTH .
5.56. Paccrosinue ot npsimoii AB 1o Touku (puc.9) C
B /IBa paza OoJbIie paccTostHUS OT TOYKH C 10 TUIOCKOCTH
ABD. Haiinute yron mexny miockoctamu ABC u ABD.
5.57. Ilnomane TpeyronsHrka ABC paBna 18 cm2.
KC L (ABC). Eciu yron Mexay II0OCKOCTSMU TPEYTOJTb-
aukoB ABK 1 ABC: a) o = 30°; 6) a = 45°; B) o = 60°, TO
HaiiauTe iomaap Tpeyronpanka ABK (puc.10).
5.58. Yron mexay rmockocTsiMu TpeyronbHukoB ABC
ABD pasen 60°. Haiizire paccrostaue CD, ecin AB=443 .
5.59. OproroHanbHOM NPOEKUEN TPEYTrOJIbHUKA C
wiomaasio 48 cM? SABISETCS TPEYTOJIBHUK CO CTOPOHAMHU
14 cm, 16 cM 1 6 cM. Berunciure yrosn Mexay Ii10CKOCThIO
TPEYTOJIbHUKA U €T0 MPOEKIUEH.



5.60. OpToronanbHOM NMpoOEKIMEN TPEyrojabHUKA C IJIOUIAJbI0, PaBHOMN
12 cm? sBisieTcst TpeyroJIbHUK co cTopoHamu 13 cM, 14 cm u 15 cm. Beruucnure
YTOJI MKy TUIOCKOCTBIO TPEYTOJIbHUKA U €r0 MMPOEKIIUEH.

20 TINIPAKTHUYECKHUE YHPAKHEHUE U NIPUMEHEHHUE

& IIpumenenune U (GOPMUPOBAHKS MPAKTUYECKHUX KOMIIETCH NI

1. Kak MOXHO IIPOBEPUTH C IMOMOIIBIO U3MEPEHUN NEPIEHIUKYIIPHOCTH
JIMHUW COEAMHEHUS CTEH JBYX COCEHUX KOMHAT?
2. Kax MOXHO IPOBEPUTH BEPTUKATIBHOCTH CTOJI0a C ITOMOILBIO H3MEPUTEIh-
HOTO Iprbdopa — pyneTku?
3. Kaxk npoBepuTh nepneHIuKyIIpHOCTb OCH KOJIECa K IIJIOCKOCTH €ro Bpa-
1eHus (IBYKEeHUS)?
4. llouemy 3UMOI COCYIbKH, BUCSIIIUE C KPBILIHA, MOXHO CYUTATh B3aUMHO
napasuiesIbHbIMU, HE YUYUTHIBASA UX TOJIIIUHBI?
5. YueHHK BBIIIOIHSET MPAKTUYECKYIO padoTy. J{J1si mpoBepKu BEpTHUKAILHOC-
TH yCTaHOBJIEHHBIX HECKOJIBKHUX CTOIO0B MO OTHOIICHHIO K IJIOCKOCTH 3€MJIH, OH
MIPOBEPUI TOJBKO OJIMH CTOJI0. BEpTHKATBHOCTH OCTAIBHBIX CTOJIO0B MPOBEPHII
CJIETYIOIINM 00pa30M: U3MEPUB BBICOTY KaXKJIOTO CTOJIOA U PACCTOSTHUE MEKIY
BEpLIMHAMH CTOJI00B, OH MPUHSI peieHue. [IpaBuibHO
JIY OH BBIMOJIHUII ATy padoTy?
6. Ilo xakoil mpU4YMHE BEPh KaXK/blil pa3 MpHU OT-
KPBITUU U 3aKPBITUH NIEPIICHIUKY/ISIPHA IO OTHOIIEHHUIO
K nosy?
7. Kak gapkuid nmpuMep NeprneHauKyISIPHOCTH TIPsi-
MO K TUIOCKOCTH MOXXHO IPUBECTHU PACIIOJIOKEHUE
IJIOCKOCTH, B KOTOPOH JIeKaT CIHUIIBI KoJieca 0 OTHO-
HIEHHIO K ocH Kosteca (puc.11). Ock nepneHauKymnspHa
KaXJI0M CIUIIE KoJjieca. B mpouecce ABMKEHUS Kax1ast
U3 cnul o0pa3yer Kpyr, COCTOSIILUN U3 OTPE3KOB MPU
MePECEUCHUN KaXKI0M CIUIBI B OIHOU TOUKe. B kakoit
IUIOCKOCTH BPAILIAETCs KOJIECO, €CIIU OCh PACIIONIOKEHA
ropusoHTaibHO? [louemy?
Vkazanue: xoneco nepnenouxynsapno niockocmu
nepneHOUK)IAPHOL OCU.
8. BrInoniHsieTcst yrpa)xHEHUE 10 MPbDKKAaM B BbI-
coty. [lnst ycTaHOBJIEHUSI OTpaHUYHUTENIbHONW OaJKu
UCIIONIB3YIOTCS KyO ¢ peOpom 25 M U IPSIMOYTOJIBHOM



napajuienenures ¢ usmepenusimMu 25x25x50. Kak
MOYKHO OpPTraHU30BaTh YIPaKHEHUS 10 IPbDKKaM B
BbicOTy: 1) 125 cm; 2) 150 cm; 3) 175 ecm?

9. Ha pwuc.12 u300pakeHbI 1Ba BEPTUKAIBHBIX

ctonba u ux TeHb. Mcronb3ys JaHHBIE CBEICHUS,

HaWJUTe TOUKY YCTAaHOBJIEHUS MCTOYHHMKA CBETa

(JtaMIly) U ee MPOEKUUI0 HAa TOPU30HTAIbHYIO IIIOCKOCTh. OTBEThTE TaKkKe Ha
CJIEYIOIIHNE BOIPOCHI:

a) UMEET JIM 3HAYCHNE BEPTUKATLHOCTH CTOJIOOB?

0) MMeeT JT1 3HaYE€HNE TOPU30HTATLHOCTH INIOCKOCTH, Ha KOTOPYIO Ma/IaeT CBET?

B) UMEET JIM 3HaY€HHE TOPU30HTAITLHOCTH MNIOCKOCTH MaJICHUS CBETa?

Pemenue. Ha pucynxe 12 npusedenvl Hyscuwvie nocmpoenus. Ilpu naxoorcoe-
HU Mecma UCMOYHUKA c6ema HanpasieHue cmoibos He umeem 3Ha4yeHus, HO Ux
B8EePMUKANTLHOCTL HE0OX00UMA.

Ecnu cmonbwi 6epmukanvhul u ceem nadaem Ha 20pU30HMAaibHyI0 NIOCKOCHb,
mo 0/ peulenus 3a0ayu 00CMamoyHo 3HaHue meHu 00HO20 CMonba U Hanpas-
JleHue meHu, naoarowell co 6mopoco cmonba (puc.126).

10. Ha xpyrablif CTOJ MOCTENUIHN CKaTepTh KBaJApaTHOU (POPMBI CO
CTOpOHOM, paBHOU a. LleHTp Kpyra coBmamaer ¢ LeHTpOM KBajpara. Ha-
CKOJIbKO OJM3Ka BEpIIMHA CKaTepPTH K TOJY, YeM CEepeAHHBI ero CTOPOH?

Omesem: a(N2-1)/2= 0,207 a.

11. BepTuKanbHOCTH CTEH MPOBEPSETCS ¢ TIOMOIIBI0 OTBECA (HUTh, C OMHOMN
CTOPOHBI KOTOPO# moBelieHa rups). Eciu HuTh oTBeca uem Onmke K CTeHe, TO
NPUXOIUM K PEHICHUIO, YTO BEPTUKAJILHOCTh CTEHbI TEM JTydilie. Hackoabko BepHO
970 perienue? Ha ueM ocHOBaH 3TOT cr1oCcOO MPOBEPKH.

12. Kak Ha/10 OTMETHUT JIMHUU PACTIMIICHUS HAa TOBEPXHOCTHU AEPEBSIHOM TOCKH
(puc.13), uToOBI 0OECTIEUNT NEPHEHINKYISIPHOCTD TOBEPXHOCTH PACITHIICHUS KO
BCEM pebpam.

13. Kak MoxHO HcTionb30BaTh Teopemy [ludaropa nms npoBepku neprieH1u-
KYJSIPHOCTH COCEHUX CTEH KOMHATHI?

14. JIns npoBepKH BEPTUKAIBLHOCTH CTOJI0 HAOMIOAAETCS U3 ABYX TOYEK, HE
JeKaIIUX B OCHOBAaHUU HA OJHOU MpsMoil. OO0CHYMHTE 3TOT CIOCO0 MPOBEPKH.

Vkasanue. Bocnonv3ytimecs npusHakom nepneHOuKyIApHOCMU NPSMOU U NIOCKOCTU.

15. Ha HenocTynHO# BO3BBIIIEHHOCTH yCTaHOBJIEH BbICOKHM cTonO. Kak
MOYKHO TPOBEPUTH €r0 BEPTUKAIBLHOCTH?

Pewenue. JJocmamouno noxazams, umo cmoné emecme ¢ HeKOMOPOU NPAMOU
JleACUum 8 0OHOU NJIOCKOCMU U euje C OPY2Ooll 6EPMUKAILHOU NPAMOU JI€HCUM 8
Opy2oti niockocmu. Yemanoeum omseec mak, 4mo K020a 6epxHue 6epuLuHbl HUMu
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u cmonba, a makodce Hawlu 21a3a pacnoiodcamcs 8
OOHOU NPAMOU MAax, umodwvl HumMs omeeca u cmond
Jlexcant modjce 8 0OHOU NPAMOU. Imom cnocob ocHo-
ean Ha credyrowem. 1) sepmuxanibHvlli cCmond 00nlceH
Jexcams 8 NPpOoU3B0NbHOU 8EPMUKANLHOU NPSAMOLU 8
00HOI nI0CKOCIU, 2) eciu 08e napaiielibHble npsmble
Jiedcam 6 08X nepecekaruuxcs Ni10CKOCMsX, mo smu
npsamble napaiienvbHbl U JUHUY Nepeceyenus Smux niocKocmel (napanieivbhbl).

16. JIBa miockux 3epkajia yCTaHOBJIEHBI BEPTUKAIbHO. [ OpU30HTANIBHBIH TTyY,
napasieIbHBIA MOBEPXHOCTH OJJHOTO M3 3€PKaJl, OTPaKaeTcs U3 BTOPOTO 3epKaa
Ha MOBEPXHOCTh MEPBOTO 3epKajia 1o NpsMoi, IEPIEHIUKYIIIPHON 3TOMY 3epKaly.
Haitaure yron mexnay 3epkanamu.

Vrkazanue. Bocnonv3sytimecs 3aKOHOM OmMpax)cenus ceema. Omeem: 45°.

17. T'opu30HTAIBHBIN JTy4Y MPOXOAUT M OTpa)kaeTcs B JABYX 3epKaiax, pac-
MOJIO’KEHHBIX BEpTUKAJIbHO. JIyd, mepBoOHaYaIbHO NapauIeIbHbIN MTOBEPXHOCTH
MIEPBOTO 3€pKaja, B pe3yibTare JAByKPAaTHOTO OTPaXKECHHUs CTaJl MapayjiebHbIM
IJIOCKOCTH BTOPOTO 3epkajia. Haliaute yron Mexay 3epkajamu.

Omeem: 60°.

18. CranpHas mardopma KBagpaTHON (GOPMBI TONIIMHON 5 M U MJIOLIAAbIO
4 M2 mozIBEIIIEHA C YETHIPEX BEPIINH TpocoM. [[imHa kaxaoro Tpoca 2 M. Haiinure
yToJl HaKJIOHA TPOCOB MO OTHOIIEHUIO K Iuiargopme. MOXKHO JIM Ha 3Ty IUIaT-
(dhopMy pa3sMecTUTh OaK IMIHMHIPUYECKOH (GopMbI BEICOTOM 0,9 M 1 tnaMeTpoM
ocHoBauus 0,6 m?

Omeem: 45°. Mooicho pazmecmums Oax.

19. Kppiiia, ¢ koTopol 10kAeBasi BOAA CTEKAET C YETBIPEX CTOPOH, OPTO-
TOHAJIBHO MPOEKTHPOBAaHA HAa OCHOBAHME KpPBHIMIHU. /lokakuTe, YTO MPOEKLIUU
pebep KpbIIIK SBISIOTCS OMCCEKTPHUCON yIvla OCHOBAaHMS, UMEIOLIEro (Gopmy
MPSMOYTOJIbHUKA.

20. Ha nom, ocHoBaHue KoToporo umeet ¢popmy mpsimoyronbauka ABCD
HY’)KHO YCTAHOBUTBH KPBIIIY, C KOTOPOW JOXKJEBasl BOJa CTEKAET C YEThIpeX
cropon. AB =2awm, BC =2b m. Bce rpanu kpsiiiu ¢ TII0CKOCTEIO OCHOBAHUS
00pa3ytoT yroiu o.. CKOIbKO HyKHO MPOQHACTUIN [T MOKPBITHS Kpbiu? [lpu
ITOM YUTHTE, 4TO MPOPHACTII B KOTUIESCTBE K MPOILIEHTOB MOBEPXHOCTH KPBIIIN
YXOAMT MU Cpe3e.

Omeem. 4ab (1 + 0,01k) / cosa..

21. TTpu Ge3BeTPEHHOM MTOTO/E UCT JOXK b IO KOCOM HaKIOHHOM. Kak onpene-
JIUTH C TOMOIIBIO (PaHEPHI MPSMOYTOIBHON (DOPMBI YKIIOH IO/ IO OTHOIICHUIO
K IUJIOCKOCTU Topu3oHTa? HauepTure COOTBETCTBYIOIINI YEPTEXK.



Vkazanue: Kycok ¢anepvl nado ycmanosums mak, ymoodwvl e2o nioCcKoCmy
ObLIA NPUOIUZUMETLHO NEPREHOUKVIAPHA MPAEKMOPUU OBUNCEHUS Q0HCOEBbIX
Kanenb U NIOCKOCMU, ONPeoeieHHOl UMU NPOeKYUU K 20pU3OHMANIbHOU NI10C-
kocmu. Toeda 6 2opu30HMANbLHOU NAOCKOCIU 00PA3yemcs NPAMOY20TbHUK, HA
Komopulil He nonadarom xaniu 00cos. Ilomom uzmepsemcs onuna coomeem-
CMBYIOUUX OMPE3KO8 U BbIYUCTAENIC MAH2EHC Y2Na MeXCOy HUMU.

22. Ha geTckoii KpoBaTH IUIOMIAJBIO S, M JAJIMHOM N HAIO MOBECUTH JBE
OJTMHAKOBBIE 3aHABECKHU MPSIMOYTOIBHOM (popmbl. [Lmommans kakmoii 3aHaBECKH
paBHa S,, a €€ JuIMHA paBHA JJTUHE KpoBaTU. BepxHwMii kpail ka0 3aHaBECKH
MOBEIICH Ha IMPOBOJIOKY, MPOTSHYTYIO MapauleIbHO Kparo Kposatu. Haiimure
BBICOTY IPOBOJIOKU HaJl KPOBATHIO. PernTe 3a1aqy npu CIEAYIONINX YHCICHHBIX
yermoBusix: N=1m 20 cm, S;= 6000 cm?, S,=7800 cm?. HagepTuTe COOTBETCTBYIO-

muit yeptex. Yrazanue: N4S,> —S.2 [ 2n.

Omeem: 0,5 M.

23. Ha nom ¢ ocaaBanmuem nipsimoyroiibHIKa ABCD Hy>KHO YCTaHOBUTB KPBIIITY,
CTEKAIOIIEH JOXKIeBON BOMIBI C YeThIPEX cTOpoH (puc.8). AB= 18 m, BC= 12 m.
Bce rpanu kpeimm 06pasyror ¢ ocHoBaHWeM Kpbimn yroia 40°. CKOJIbKO MTYK
Yepernuilbl HEOOXOIMMO, €CITH TSl TOKPBITHS TOBEpXHOCTH 1 M2 HY)KHO 15 mTyK
Yepenuiibi?

24. C IOMOIIIBIO IIECTUTPAHHOTO KapaHaIia U PaCKPbhITOM KHUTH TTOKaKHU-
T€ MPUMEPHI YIJTIOB MEXKIY MPSMBIMH, MEXKIY MPSMON U MIIOCKOCTHIO, MEKITY
MJIOCKOCTSIMHU.

25. C KpbllIi, UMEIOIIEH JBE OCH CHMMETPHUH, H300pakeHHOM Ha puc.14,

MOKAXXUTE HAIIPABJICHUE CTEKAHUS JI0’KI€BON BOJIBI.

26. Kakne n3amepenust Ha/io MPOBOANTD JJII U3MEPEHUS BBICOTHI MUHAPETA
C HEJIOCTYITHBIM OCHOBaHUEM?

27. Kaxue n3amepeHus Haio MPOBOIUTS I HAXOXKICHHSI PACCTOSHUS 10 loMa
C U3BECTHOM BBICOTOM, €CJIM MOAOUTH K HEMY HEBO3MOKHO?

28. [ToueMy TeHU UCYE3aIOT B TOJACHB?

29. Kakx MOYXHO M3MEpUTh BBICOTY JIepeBa, HE TIOJHUMASICh Ha HEro?

OTBeThI U YKa3aHus
4.5.a) 7 cm; b) 30 cm. 4.6. b) 200 mm. 4.13. 50 cm. 4.14. 40 mm. 4.21. a + b. 4.22.
a) 40°; b) 45°; ¢) 90°. 4.23. a)58°; b) 47°. 4.51. 32 cm. 4.52. 6 cm. 4.53. 20 cm.

5.11.1) 6,5 cm; 2) 15 eM; 3) V2a2 — b2 + d? ; 3) V2a2 — ¢2 + 2d2. 5.12. 2 m. 5.17.
15cmu 41 cm. 5.20. BD =V2a2 + b2+ ¢2; CD = Va? + ¢2. 5.21. 3,9 M. 5.22.9
M. 5.23.2) V2/2; b) V(5 + 3 cos B) 2.5.24.3 cm; 7,5 cm. 5.25. 20 cm. 5.34. 3d.
5.37. 45°. 5.38. arccosV 3/3. 5.44. 90°. 5.46. 60°.
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